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Abstract

In this paper we analyse the segmentation of society into risk-sharing coalitions voluntarily
formed by agents differing with respect to risk under a unanimous acceptance rule, in the absence
of financial markets. We obtain a partition belonging to the core of the membership game. It
is homophily-based: the less risky agents congregate together and reject more risky ones into
other coalitions, etc. There is perfect risk sharing within a coalition but not at the society
level. The distribution of risk affects the number and the size of these coalitions. A more risky
society is not necessarily more segmented than a less risky one. Finally, the empirical evidence
on imperfect risk-sharing when agents rely on informal insurance schemes can be understood

when the endogenous partition of society with respect to risk is taken into account.

*We are very grateful to Laszlo Koczy as well as to conference participants at Coalition Theory Network Workshop

2009 and seminar participants at STUTE (Universités Lille 1, Lille 2 and Lille 3), Tinbergen Institute.
TUniversidad de Rosario, Bogota (Colombia), email: fjaramil@urosario.edu.co.
#Banque de France and Paris School of Economics, email: hubert.kempf@univ-paris1.fr.
$8CREM, Université de Rennes, email: fabien.moizeau@univ-rennesl.fr.



1 Introduction.

In many developing economies, people face large fluctuations of their income (see, in particular,
Townsend, 1994, for ICRISAT villages in India or Dubois, Jullien and Magnac, 2008, for Pakistan
villages). Nonetheless, the idiosyncratic part of income risk is relatively large suggesting that insur-
ance against shocks is feasible (see Townsend 1995 or Dercon 2004 for reviews of empirical evidence
about the idiosyncratic nature of income shocks). We should thus expect risk-averse households to
group together to mutualize risk. If risk is fully insured, the theory tells us that individual con-
sumption is determined by aggregate consumption (see Borch 1962, Arrow, 1964, Wilson, 1968).
However, this proposition has been subject to many empirical rebuttals. In developing economies,
it has been found that households are able to protect consumption against adverse income shocks
but full insurance is not achieved (see, among many others, Townsend, 1994, Kazianga and Udry
2005)!2. Moreover, empirical works emphasize the local nature of risk sharing (see for instance Der-
con et alii 2006, Arcand and Fafchamps 2006, Barr and Genicot 2008, and the survey of Fafchamps,
2008, on the role of families and kinship networks in sharing risk)?. Therefore the issue with respect
to risk sharing is to understand why there are limits to insurance and not perfect risk sharing within
a given society. Why risk-bearing arrangements do not encompass the whole society?

The standard explanation is that complete risk sharing is prevented due to limited commit-
ment. Risk-sharing arrangements are seen as self-enforcing contracts immune to either individual
deviations (Kocherlakota, 1996, Ligon, Thomas and Worrall, 2002) or group deviations (see Dubois
2002, Genicot and Ray, 2003). Since individuals can defect on these contracts, it makes sense not
to cover a too risky agent through a common risk-sharing agreement.

In the present paper, we offer an alternative explanation based on the endogenous formation
of risk-sharing groups. There is no full risk sharing because individuals who differ with respect to
their exposure to risk select themselves into groups in which they mutualize risk. We stress that
society segmentation into various risk-sharing groups plays a crucial role in providing differentiated
insurance schemes to agents unequally affected by risk. The limits of communities themselves
cannot be considered exogenous to risk bearing.

Formally, we study a society comprised of many individuals characterized by idiosyncratic risks.

'Ray (1998), Dubois (2002), Dercon (2004) or Townsend (2005) are excellent surveys of the literature.
2For developped economies also, empirical evidence does not support the full insurance hypothesis (Mace, 1991,

Cochrane 1991, Altonji, Hayashi and Kotlikoff, 1996, Attanasio and Davis 1996).
3In particular, Arcand and Fafchamps (2006) studying a dataset from Senegal and Burkina Faso, emphasize that

membership in community-based organizations is very common in these countries. Essentially, a community-based
organization is created by producers in order to provide services to the members of the group. Among these services,

a community-based organization provides insurance.



The level of risk associated with an individual (measured by the variance of the distribution from
which is drawn the idiosyncratic shock) is specific to this individual. Individuals have the possibility
to form a group in order to mutualize risk. We consider that individuals commit to share the
random component of their income equally with members of their risk-sharing group.* We then
examine the segmentation of society into such risk-sharing groups. We show that the resulting
“core partition” exists and is unique (under mild assumption). It turns out that the key dimension
of the coalition formation process is risk heterogeneity measured by ratios of variance between
individuals. This leads the core partition to be homophily-based: coalitions gather together agents
similar with respect to the variance of the idiosyncratic shock. Within each coalition belonging to
the core partition, there is complete risk sharing but not within the whole society: risk-premiums
paid by individuals differ between coalitions.

We study the impact of specific variance schedules on the core partition and show thanks to
these cases how the number and the size of coalitions belonging to the core partition are affected
by the distribution of risk within society

Turning then to the comparison of two societies identical with respect to the number of indi-
viduals (and thus risks), one being more “risky” than the other, we compare their core partitions
and prove that the more risky one is not necessarily more segmented than the less risky one, nor
that the aggregate risk premium associated with risk-sharing in the more risky society is always
higher than the one associated with the less risky society.

Finally, we discuss the empirical implications of this partitioning of society and prove how the
empirical evidence can be explained when the grand coalition does not form, that is when society
is segmented into more than one risk-sharing coalition.

The relationship between risk and group formation has already been studied by various authors.
In particular, Genicot and Ray (2003) develop a group formation approach where one risk-sharing
coalition forms in the presence of possible self defection. However they do not study the partition of
society into possibly multiple coalitions. Our work is also closely related to Taub and Chade (2002)
who study in a dynamic setup whether the current core partition is immune to future individual
defections. Our focus is different as we build a setup that allows us to characterize a relationship
between the risks characteristics of a society and the membership, size of risk-sharing groups and
the extent of risk coping. Recent works have developed network formation models where informal

insurance is essentially characterized by bilateral relations (see Bramoullé and Kranton 2007, and

4Given our setup, it turns out that, conditional on group membership, such an insurance scheme leads to con-
sumption allocations consistent with Pareto optimal allocations which can be obtained by effective state-contingent

markets.



Bloch, Genicot and Ray, 2008). Our coalition formation approach allows for multilateral transfers
between individuals which are supported by empirical evidence (see Dercon et alii 2006 for the case
of group-based funeral insurance or Arcand and Fafchamps 2008 for insurance services rendered by
community-based organizations). Finally, our paper is also related to Henriet and Rochet (1987)
who build a model of endogenous formation of mutuals using a cooperative game theoretic approach.
The modelling strategy is different from ours as they assume a continuum of agents, the existence of
some congestion costs and a binomial distribution of shock. Further, they focus on formal insurance

activity and do not address the issue of mutualization of risk under informal insurance schemes.

2 The Model.

2.1 Society.

We consider a society I formed of N agents, indexed by ¢ = 1, ..., N. There is no production in this
society and agents are endowed with quantities of a consumer good. The individual endowment y;
allotted to individual ¢ has a deterministic component w; and is affected by an idiosyncratic risk
IS

Yi =w; +& +v

g; is normally distributed with variance 03: e~ N (0,0’?). v denotes a common shock normally
distributed with variance o2. Without loss of generality, we index individuals as follows: for i and
i =1,..,N with 7 < 4’ then 02-2 < 0'12,. We will thus say that a lower indexed individual is a “less
risky agent” (strictly speaking, individual risk is associated with the law of motion of ;).

o?

Given these differences among individuals, we define \; = — for ¢ € I. ); is called the “risk
i—1

ratio” between agents ¢ — 1 and ¢. Then it will be useful in the sequel to use the following

Definition 1 Any society I can be characterized by a risk-ratio schedule A = {\a2, A3, ..., AN} with

2

(o

AZ = 21
Ui—l

fori el
Each individual has the same CARA utility function
1
Uy =——e (1)

where ¢; denotes private consumption and « a positive parameter measuring the absolute risk
aversion. It is identical for all individuals. ¢; may differ from y; if agent i enters some risk-
sharing group. We will provide more detail in the next subsection. It is assumed that there are
no financial markets allowing any agent to insure himself against his idiosyncratic risks. Finally

there is perfect information in the following sense: a priori the various idiosyncratic variances are



common knowledge and the realised individual shocks are also perfectly and universally observed

when they occur.

2.2 Risk-Sharing Groups.

Individuals have an incentive to belong to a risk-sharing group: a group provides insurance by
pooling some resources and redistributing these resources among its members.

Here we consider the following insurance scheme: agent ¢ pays the full value of his realized
idiosyncratic shock ¢; in a common fund. The common fund is then equally redistributed among
members of the group. Formally, consider a group S C I, formed of a finite number n < N of
agents. S is a subset of I whose membership is left undefined at this stage. The consumption of

agent ¢ belonging to S is equal to:
€
= w4 ST 2)

where n is the cardinal of S.

This insurance scheme deserves attention because it leads to allocations that are Pareto optimal
and consistent with the existence of complete markets. Precisely, according to the First Welfare
Theorem, allocations obtained with complete markets are Pareto optimal when, for any individual
1, the lagrange multiplier associated with her budget constraint equals the inverse of her weight in
the social value function of the Pareto program (see Ljungqvist and Sargent, 2004, p. 216). Given
that we assume a CARA utility function and a risk aversion parameter identical among individuals,
we can check that our insurance rule leads to allocations that are optimal and identical to the one
obtained with complete markets.?

This insurance rule is different from credit as transfers paid at a date ¢ do not depend on history,
for instance agents who had suffered from bad shocks in the past and who received transfers do not
have to reimburse them while they benefit from a good shock.

The expected utility of individual ¢ in group S, V;(.5), applying this insurance rule is:

1
Vi(S) = ~B | Zeme

As we assume a CARA utility function and normal distribution for each idiosyncratic shock, the

Arrow-Pratt approximation is exact:

1 —a|wi— =% o224
W(S)Z—ae [ v ap2 Zkes 1% 2 3} (3)

SLet us stress that our risk-sharing groups are not equivalent to mutuals studied by Henriet and Rochet (1987).
They consider a mutual as an insurance company that provides full insurance, the premium is the same for all clients
and expected profits are nil. With respect to our insurance rule, an agent ¢ in group S pays the premium e¢;, he

receives ¢ such that the ex post budget constraint for the group is binding: nt = >, s €.



We define the certainty-equivalent income for individual 4 in group S, denoted by w; (S), as:
2
« o @
LL)Z(S):’U)Z—*E i—ggz (4)

The risk premium for any individual i in group S, denoted by 7(S5), is equal to § ;g Z—E + %ol
It is immediate to remark that it is the same for every member of S.

Hence, the formation of a group relies on the following trade-off. Accepting a new member has
two opposite effects: on the one hand, everything else equal, the higher its size, the lower the risk
premium; on the other hand, accepting an individual increases the sum of individual risks leading
members to pay a higher risk premium. Therefore when assessing the net benefit of accepting a
given individual, characterized by a certain variance, an insider has to weigh these two effects. But
clearly, given the choice between two agents, any insider prefers the one with the lesser variance.
Remark that the risk premium is a non linear function of the size n;.

We define the individual gain for agent ¢ from membership to group S rather than to group S’
as follows:

m(8') —7(9)

It amounts to the reduction in the risk premium represented by being a member of S rather
than a member of S’. In other words, an agent prefers joining a group (provided she is accepted in
this group) in which her certainty-equivalent income is higher.

Suppose an agent ¢ forming its own risk sharing group, i.e. S’ = {i}, this difference becomes:

m({i}) — m(9).

Considering two individuals 7 and ¢/ > 4, 4,7 € S, i’ benefits more than ¢ from being in S rather

than being alone, as we get:

a ol o o}
in a9 =3 (-5 F) s an - -5 (-5 ) o

keS kesS

In other words, the riskier an agent, the more he benefits from belonging to a given group (rather
than remaining alone): individual gains from a group are differentiated and actually increasing with
the riskiness of the agent. This is the core characteristics of a group functioning under our insurance
rule.

More generally, given two different risk-sharing groups differing by their membership, and there-
fore, the exposure to risk of their members, the gains for joining either of them for a given agent

differ. The desire of each agent is to join the group which generates for him the highest gain.



3 Risk-sharing and the segmentation of society.

From above, it is immediate that the characteristics and in particular the size of a group matters for
its members. In particular, as agents have different needs for risk sharing, and expose the members
of the group to which they may belong to idiosyncratic risks, the membership of a group is a matter
of concern. This leads to the question of the endogenous segmentation of society into risk-sharing
groups.

We consider that a group is a coalition or club of individuals and a partition of the society is a

set of coalitions. More formally,

Definition 2 A non-empty subset S; of I is called a coalition and P = {S1,...,5;,...,S5} for

J
Jj=1,..,J is called a partition of L if (i) |J S; =1 and (i1) S; (S =0 for j # 5.
j=1

According to this definition, any individual belongs to one and only one coalition. The size of
the j — th coalition, S; C I, is denoted by n;. We will use interchangeably the terms “coalition”
and “risk-sharing coalition”.

To address the issue of segmentation of society into risk-sharing coalitions, we consider the

following sequence of events:

1. Agents form risk-sharing coalitions and a partition of society is obtained.

2. Individuals commit to pay transfers according to the insurance rule of Equation (2) in each

coalition.

3. Idiosyncratic shocks are realized. Agents then consume their after-transfer income.
We solve this coalition-formation game by looking at a core partition defined as follows:

Definition 3 A partition P* = {Si‘, ey 55, ...,Sf‘}} belongs to the core of the coalition-formation
game if:

3£ C1 such that Vi € £, Vi(£) > Vi(P*)

where Vi(P*) denotes the utility for agent i associated with partition P*.

According to this definition, a core partition is such that no subset of agents is willing to
secede. It amounts to say that coalitions are formed according to a unanimity rule: (i) no one can
be compelled to stay in a given group and (ii) to be accepted in a group, there must be unanimous

consent by all existing members of this group.



Two remarks are important at this stage. First, we assume full commitment. That is, no
agent is able to renege on her chosen coalition once the state of nature is realized. This is a key
difference with for instance Genicot and Ray (2003). Second, if at each date there was a draw in
the distribution law of shocks and no storage technology, the problem at the coalition formation

stage would be the same, and the solution to the game would remain identical over time®.

3.1 The core partition.

Then we are able to offer the following:
Proposition 1 A core partition P* = {Sf, e S;»‘, e S}} exists and is characterized as follows:

i/ It is unique if
>\z+1 - >\z > 1

Ve=2,.,N—1 .
T A -1 Tzl

(6)

ii/ It is consecutive, that is, if i and i both belong to S7 then Vi', i >4 >4, 4 € S3.

iii/ For any two individuals i € S} and i' € S%, such that 0? < o, the risk premium m(S7) < (=

n(S3) if § < (=)

Proof. See Appendix. m

We first prove the existence of a core partition of I. Based on voluntary agreements, agents are
able by themselves to form coalitions so as to share risk. No institutional constraint is involved.
The fact that there is no financial markets does not mean that there is no way to get insured against
risk.” Remark that the partition is Pareto-optimal as we are focusing on the core. But we hasten
to add that this result depends on the risk-sharing rule we consider.

The first result, i/, provides a sufficient condition for the core partition to be unique. The
condition on uniqueness depends on the rank of individuals. If the risk ratios are increasing with
the index z, this condition is always met. The condition may appear stringent when A, > A,41,Vz =
2,..., N — 1. The expression Z;Jrll is an increasing function of z which equals %1 when z = 2, %1
when z = N — 1, and tending to 0 when N is sufficiently large.®

Turning to the characteristics of the core partition, the second result, i/, is about consecutivity.

Coalitions belonging to the core partition are homogeneous in the following sense: they include

This is congruent with the formal setting of the risk sharing issue developed in Townsend (1994).
" Admittedly, the result does not rule out the existence of singletons within the core partition. Singletons are

degenerate risk-sharing coalitions.
8Let us stress that the core partition is generically unique (see for instance Farrell and Schotchmer, 1985) but we

need to provide a sufficient condition for uniqueness in order to proceed our comparative static exercises.



agents who are “close” in terms of exposure to risk. Take an individual who has to choose between
two individuals in order to form a risk-sharing coalition. It is easy to check that he always prefers
the less risky of the pair. This implies that if an agent ¢ is willing to form a coalition with some
other agent 4’, then all agents with a lower risk than i’ are also accepted by i in the coalition.’

The third result, iii/, is in line with consecutivity. Take individual characterized by o%. He
is accepted by any possible coalition and chooses the group that incurs the lowest risk premium.
More risky individuals may not be accepted by agents characterized by low risks to pool resources
in a same group and pay higher risk premium in other coalitions.

Given the consecutivity property, from now on, we adopt the following convention that for any
5% and S;‘,, §' > j when o? < UZ%, Vi € S;,W’ € S;,. Another way to express consecutivity is to say
that a core partition can be characterized by a series of “pivotal agents”, that is agents who are

the most risky agents of the coalition they belong to:

Definition 4 Given the coalition Sj’-‘ of size m; in the core-partition, the pivotal agent, defined
by the integer p; € {1,...,N}, associated with S;‘ and the next agent p; + 1 are characterized by

variances o2

Pi and af,j 11, respectively, such that:

m(S\{p;}) = 7(SE) and w(STU {p; +1}) > 7(S})

Hence, )
o2 <fmy-1 Y T (7)
pj — = (n; —1)2
keS\{p}
and )
02 > 2n+1 Y Tk (8)
pi+1 J n 2"
kes; Y

A pivotal agent, associated with the j — ¢h coalition S7, is by the consecutivity property, the
most risky agent belonging to this club. He is the ultimate agent for which the net effect of his
inclusion in the club is beneficial for all other (less risky) agents belonging to the club. Even though
he increases the numerator of risk premium paid by all agents in the club (as he is more risky than
any of them), thus inflicting a loss to their welfare, his addition also increases its denominator.
Actually, his inclusion decreases the risk premium paid by each member of the coalition S;. But if
this coalition were to include the next agent, p; 41, as he is more risky than p;, the net effect of his
inclusion would be negative for all other agent of S7. Therefore they prefer not to let him in. On
the whole, the pivotal agent p; generates the lowest possible risk premium paid by each member of

the coalition S;f .

9The consecutivity property is also obtained in Henriet and Rochet (1987) but it is with respect to probability of

accident and not with respect to the variance of shocks.



Let us remark that the definition of a pivotal agent depends neither on the level of the variance

nor on the degree of risk aversion. The conditions (7) and (8) can be rewritten as:

pj—1
[27’Lj - 1] 1
1<-— _ 9
= (n; —1)2 Z H)\Z (9)
keS;\{p;} z=k+1
and
2n; + 1] RS
1>=5=> Il (10)
y z
J kESj z=k+1
respectively. What matters in the formation of a coalition, is the heterogeneity of the exposure
to risk measured by risk ratios. Consider the less risky agent, characterized by o?. If he forms a

coalition, it is necessarily with a more risky agent. The best choice for him is agent 2 who adds the

lesser increase in the common risk premium:

2
« (6702
m({1,2}) = S0} +03) = ZH(1+ ho)
2 i
<a({Li}) = Sl +07) = ZHL+ M), Vi > 2,

This formula makes clear that agent 1 prefers to form a coalition with agent 2 than with any other
agent in society, because he is relatively closer to him in terms of risk. Eventually, what matters
for agent 1, is the sequence of risk ratios, that is the individual variances relative to his own. This
reasoning can then be generalized to any n-agent coalition so as to obtain the core partition.
Given the consecutivity property of the core partition, the coalition S7 is fully defined by the
two agents whose indices are p;_1 + 1 and p;. In other words, the core partition is defined by the

set of pivotal agents. Then we are able to offer the following:

Proposition 2 The core partition is characterized by a set of J pivotal agents indexed by p; sat-

isfying (7) - (8) forj=1,...,J — 1 and 012)‘] =03

Remark that the last coalition is peculiar. Its pivotal agent is per force agent N who satisfies
condition (7) and not condition (8). We refer to this ultimate coalition as the “residual” risk sharing
coalition.

Finally, Proposition 2 highlights that, depending on the risk-ratio schedule, our insurance rule
may lead to various risk-sharing groups. We could obtain the grand coalition belonging to the core
if the risk heterogeneity was sufficiently small. Further, the core partition depends on the assumed
insurance rule. Remark that, building on Theorem 2 of Baton and Lemaire (1981), the insurance

rule that gives to individual ¢ the following level of consumption:

2
n ks €k g(zkes 9% 2)
n

+V+2n n 7

C; = W; 4

10



would lead to the grand coalition in the core of the coalition formation game for any risk-ratio

schedule. Indeed, this rule yields the following certainty-equivalent income

“i(8) =wi =g T — g

which monotonously decreases with the size of the risk sharing group. Hence, every individual ¢

wishes to form a club encompassing the whole society.

3.2 Particular risk-ratio schedules.

We have just emphasized the importance of the risk-ratio schedule A characterizing a society I
in the endogenous determination of the core partition of this society in differentiated risk-sharing
coalitions. In this subsection, we explore the link between patterns of the risk-ratio schedule and
the characteristics of the core partition. This allows us to better understand how heterogeneity
affects the way individuals congregate so as to share risk. Formally, we want to assess the impact
of A on the series of pivotal agents, i.e. on the number and size of risk-sharing coalitions.

We restrict the analysis to risk-ratio schedules with simple monotonicity properties: either the

series of \; increases, decreases or remains constant. We then offer the following
Proposition 3 If the risk-ratio schedule A = {2, A, ..., AN} is such that:
o \, =\ Viel then n;‘ =n,Vj=1,...,J —1;

o N\ < \iy1, Vi €1, then n; > n;+1,\V{j =1..,J-1;

e >Ny, Viel, thenni <ni ,Vj=1,..,J—1
+ J j+1

Proof. See Appendix. m

This proposition makes clear that risk heterogeneity affects the core partition, that is the way
agents collectively cope with risk. To understand this proposition, we have to keep in mind that
each individual makes his decision about membership with several principles in mind that we have
previously uncovered. First, he wants to join the least risky coalition, that is a coalition whose
members have a lower variance than himself; second, he wants to be joined by the less risky agents
among those who are more risky than himself; third, when selecting (approving the admission of)
members in his coalition, he cares about the risk ratios. Consecutivity, the ordering of coalition-risk
premia, and the impact of risk ratios in determining the pivotal agent of any coalition are the key
elements for understanding how a core partition relates to the risk ratio schedule.

First, consider that the risk ratios are constant and equal to A. From (9) and (10), we see

that inequalities determining the pivotal agent are identical for any club S;. It turns out that

11



coalitions in the core partition have the same size. In fact, it amounts to say that with constant risk
ratios individuals, while deciding to form a risk-sharing group, individuals face the same trade-off
whatever the level of their exposure to risk.

Second, consider that the risk ratios are increasing with the rank of individuals. Again, agent 1
selects the pivotal agent of the first club p;. Consider now the problem facing the agent following
the pivotal agent, p; + 1. He has to select the pivotal agent ps. The condition determining this
agent implies higher values of the risk ratios than the condition determining p; (remember that
the absolute values of variances of the first agents do not matter). Hence, pondering the benefit
of increasing size and cost of higher risk bearing potential members, he chooses a pivotal agent
corresponding to a lower size. Repeating the argument, we find that the succeeding club sizes
decrease.

Third, the case where the risk ratios are decreasing with the rank of individuals is easily un-
derstood by using a similar argument. The less risky agent of the second club has to form the
coalition he wants to enter among less (relatively) risky candidates than agent 1. Hence, pondering
the benefit of increasing size and cost of higher risk bearing potential members, he chooses a pivotal

agent corresponding to a higher size.

3.3 Comparing stochastic distributions and risk sharing groups.

Are more risky societies more segmented in smaller / more numerous risk sharing coalitions? Is it
possible to compare the extent of insurance among two societies differing with respect to their risk?
These are the issues our coalition formation setup allows us to address. Consider two societies,
I and I’ with a similar number of agents, and characterized by different risk ratio schedules, A
and A’. Hence the core partitions differ. Formally, we shall compare the two core partitions of two

different societies using the following

Definition 5 Let us consider P* = {S’i", o S;’-‘, ...,S’f}} the core partition in society I and P™* =
{St, ..., S, ..., 8%} the core partition in society I'. We say that I is weakly less segmented than T’

if foranyt=1,..,N,i€S; in P* and i € S}, in P"™* we have k > j.

This definition is based on the risk-premium ordering property stressed in Proposition 1. It
amounts to say that the number of clubs where the risk premium is lower than the risk premium
any individual ¢ currently pays in his club is higher in the more segmented society. This definition
captures the idea that in a more segmented society any individual ¢ has less possibility to mutualize
risk with less risky individuals. It turns out that when society I is weakly less segmented than T’

the number of risk-sharing coalitions is lower in I.

12



Proposition 4 For two societies I and ', T being characterized by A = {Xa, A3, ..., An} and T’
being characterized by A" = {\5, N;, ..., Ny}, such that \; < X, whatever i = 2, ..., N, then society I

is weakly less segmented than T'.

Proof. See Appendix. m

This Proposition highlights the crucial impact of risk heterogeneity on the allocation of risk in
any society. The higher is risk heterogeneity the lower is the chance for any individual to mutualize
risk with less risky individuals.

Let us provide an intuition for the proof of Proposition 4 by taking the special case where
Ai = Xiy1 = M A) = N = XN and A < X whatever i = 2,...,N. Consider agent 1 in society
I. Taking into account that the decision for membership only depends on the risk ratios, and
pondering the trade-off between the benefit of size and the cost of higher marginal relative risk,
agent 1 is willing to be included in a larger risk sharing coalition in society I than in society I'.
As we have seen, the agent following the first pivotal agent faces the same trade-off as agent 1.
Hence the second club is of the same size than the first club, and consequently is of a larger size in
society I than in society I'. Repeating the argument, we find that the number of non-residual clubs
is (weakly) reduced in the core partition of society I compared to the core partition of society I'.
The case of decreasing and increasing As can similarly be dealt with.

Moreover, Proposition 4 stresses the fact that it is impossible to determine a non-ambiguous
relationship between risk and social segmentation. We shall use the second-order stochastic domi-
nance (SS-Dominance hereafter) criterion. Taking two societies I and I’ such that for any agent, ¢;

SS-Dominates ¢}, I will be considered as more risky than I'. Take two societies I and I’ satisfying
2

condition on risk ratio schedules of Proposition 4. Proposition 4 is valid eventhough o7 > J?,
Vi=1,...,N or 02-2 < 022, Vi =1,...,N. In other words, I is weakly less segmented than I’ either

when I is more risky than I’ or when I’ is more risky than I.

3.4 Stochastic distributions, social segmentation and risk premiums.

There is another dimension for the assessment of the impact of higher risk: it is the resource cost
of dealing with risk. More precisely, even if an increase in risk does not lead to a more segmented
society, it may still lead to a higher insurance cost paid by society as a whole.

To get a better understanding of this issue, we first define the aggregate risk premium.

13



Definition 6 The aggregate risk premium associated with the core partition P is defined as:

N J+1

_ 1 1
T(P) = N Zm =~ anW(Sj) (11)
i=1 j=1
s (T e
TN2 |\ Loy £ TR TR0
j=1 keS;

The aggregate risk premium is an indicator of the willingness to pay for risk coping, at the
society level. Given the partition of society in risk sharing coalition, it is affected by the partition
since it shapes the individual risk premia (see above).

Intuitively, more individual risk should lead to a higher aggregate risk premium. An increase
in risk heterogeneity, by means of an increase in someone’s variance leads to higher individual risk
premia, hence higher average risk premium. This is obviously true if the coalition formation is
taken as given. Then it is true that if for each agent, her variance increases, then the individual
risk premia increase as well as the average risk premium. However this is not necessarily true when
agents form their risk-sharing coalitions. It may happen that the change in the whole core-partition
leads to different risk-sharing arrangements, the outcome of which is to decrease the average risk
premium.

This counter-intuitive result is proven in the following

Proposition 5 For two societies I and I' such that any &; SS-Dominates €, for everyi=1,...,N,

then society I may be characterized by a higher average risk premium than T’
7(P") < 7(P). (12)
where P (resp. P') is the core partition associated with I (I').

Proof. See Appendix. m

Proposition 5 highlights the fact that if endogenous formation of risk sharing group is taken
into consideration than we cannot claim that all individuals pay a higher risk premium in a riskier
society. We get such a result using Proposition 4 that stresses an ambiguous relationship between
social segmentation and second-order stochastic dominance. We consider the case where society
I’ is less segmented than I eventhough agents face more risk (higher idiosyncratic variances) in I’
than in I. Hence, in society I, risk may be allocated in larger coalitions. In other words, in society
I’, individuals have the possibility to mutualize risk on a larger scale. This leads that the sum of
these risk premia may be lower in the more risky society and some individuals will pay lower risk

premium in this society.
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4 Segmentation and empirical issues.

The aim of this section is to study empirical implications of endogenous group formation. In
particular, considering the regression usually run to test for optimal risk sharing (Townsend, 1994),
we want to examine the influence of group formation on the values of estimated coefficients.

If there is optimal risk sharing then individual consumption of any agent ¢ is determined by
aggregate consumption and does not depend on the individual income of agent ¢. Formally, given a
society I, consider the regression of individual consumptions on individual incomes and aggregate

consumption expressed as follows:

cit = a; + Bicry + Gyt + Wi, (13)

where ¢;; is consumption of individual 4, ¢ is society I average consumption, y;; is income of
individual ¢, and u;; is an error term.

Optimal risk sharing implies 8; = 1 and ¢; = 0, for all . As was said in the introduction,
this theory is rejected for village economies.'’ Can this rejection be related to the fact that the
grand coalition does not form? In other words, does the partition of the population in multiple
risk-sharing groups play a role? Suppose the village is a closed society (which is more or less the
case as far as insurance is concerned). It may not be the right cluster of agents with respect to risk.
In other words, the grand coalition may not form in this society because it is too diverse in terms
of risk. Within the village, there may be such an heterogeneity with respect to risk that agents
willingly form smaller risk-sharing coalitions. Villagers may group into smaller “neighborhoods” or
districts within the village, according to their particular exposure to risk.

Let us take into account endogenous group formation and consider the core partitiffl P =

€z

es*
{Sik, vy Sj*, e S}} of a society I. Hence for an agent ¢ belonging to S]* we have ¢; = y; + 271 +v.

nj

The OLS estimates of ,@ and E, are given by the following formulas:

5 _ cov (Ct, cit) var (yit) — cov (Yir, cit) cov (T, Yit)
v — - 2
var (¢;) var (yit) — [cov (¢, yit)]
=~ cov (Yit, cit) var (¢) — cov (G, cip) cov (G, Yit)

G var (yir) var (¢;) — [cov (1, yir)]?

Therefore, in our setup when the core partition forms, these estimates for individual ¢ belonging

"The evidence provided by Townsend on three Indian villages has been the subject of close scrutiny. Crimard
(1997) rejects perfect risk-sharing using panel data for the Ivory Coast. Ogaki and Zhang (2001), based on Indian

and Pakistanese data, reject perfect risk-sharing across villages but do not reject it within villages.
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to S; are equal to:

5 | 2kes; % 2, 2 2, o} 2, o}
Oyt N (JV—FU?;)— o, ta ) \ovtw
2
(02 +02) (012,4—72”]\6,5%)—{
2 2 g, 02 2
~ (034— Z—]) (03+ 727”]%%) - <012,+ ]fj{,k> (03+ %)

o2 272
(73 +07) (o2 + =72 ) — |02 + %

Membership has thus a direct impact on values of EZ and QA} If the grand coalition forms, that
is if S;-k = I, we have B\Z =1 and ZZ = 0. However if society is partitioned into different risk sharing
groups, then we have BZ # 1 and Z@ # 0. Running regression (13) without taking into account social
segmentation would lead to a dismissal of the theory of optimal risk sharing eventhough individuals
are fully insured within their coalitions. Having information on the right groupings of individuals

and considering the following regression
cit = i + BiCj + Gyit + Wit

with E}‘t the average consumption within S; instead of regression (13) would lead to support optimal
risk sharing. Indeed, it is easy to check that BZ =1and @ = 0.

However, running regression (13) is not without merits. Indeed in some cases, it allows us to
get some information about the core partition, that is the segmentation of society into risk-sharing
groups, provided agents are left free to set their risk sharing arrangements as they wish.

If we consider a large population and assume that limy_.. % < 00, we obtain (see Appendix

for a proof of this approximation)

@:;and@le—é

It is therefore obvious that all agents in the same club 57 are characterized by the same value of
¢; and B;. Then, the larger is a club, the lower (higher) is the value of Gi (B\Z) for its members. This
implies that individuals in a larger club are able to share risk more efficiently as their individual
consumptions depend less from their individual income.

Moreover, for a given income distribution, we show that individual consumption is more depen-
dent of individual income, the deeper is risk heterogeneity between two succeeding individuals, i.e.
higher \;. This comes from Proposition 3: when \; § Ait1 for ¢ = 1,..., N — 1, then EZ ; Zi/ for
i € S} and TS S5, j' > j and EZ § Ei/ for i € S} and TS 5%, 4" > 4. This is due to the result
that the more heterogenous individuals are with respect to idiosyncratic shocks, the less they are

willing to share risk within the same coalition.
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Finally, a more segmented society weakly leads to a higher Zz and a lower B\z reflecting the fact
N

that the extent of insurance is done on a lower scale. Moreover, computing ZQ gives us the
i=1
number of clubs of the core partition.

5 Conclusion

Non-financial risk sharing arrangements are widely-used in developing economies. In the absence
of proper and well-functioning financial markets, agents rely on informal insurance schemes, often
based on a social or geographical (the “village”) proximity. Hence it is legitimate to ask how are
designed the risk sharing mechanisms in a society and what are their properties and consequences.

In the present paper, considering a society without financial markets and relying on a particular
insurance rule, we have studied the endogenous formation of risk-sharing coalitions. Agents can
form any possible group but commit to stay in the group once they choose to belong to.

We have obtained a characterization of the optimal segmentation of society with respect to risk,
depending on the differentiated idiosyncratic risks born by individuals. It is unique (under mild
assumptions), and consecutive: a coalition integrates agents of relatively similar risks. There is
perfect risk sharing within a coalition. However, there is no full insurance across society. In other
words, the amplitude of risk sharing cannot be studied without precisely taking into account the
memberships of risk-sharing groups and their differences.

Then we have discussed the role of risk heterogeneity on the segmentation of society. Focusing
on three special cases, we characterize the relationship between the number, the size and the
membership of risk-sharing coalitions (i.e. the properties of the segmentation) and the distribution
of risk across society.

Turning to the comparison of different societies, we prove some counter-intuitive results. In
particular, a more risky society may turn out to be less segmented than a less risky one. This
gives additional support to the claim that the way risk-sharing groups are formed is crucial for the
understanding of the extent of collective risk-sharing.

Finally, we provided a discussion of the empirical evidence on imperfect risk-sharing in informal
societies. We prove how the segmentation of society into multiple risk-sharing coalitions can provide
an explanation of some empirical puzzles. This has practical implications for empirical researchers
working on the subject: the relevant borders of risk-sharing groups for obtaining an exact picture

of risk-sharing schemes must be precisely and carefully assessed.

The present research proves how coalition theory tools can be applied to study the functioning
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of an economy in the presence of uncertainty when agents are risk-averse. It can be extended along
several lines, where these tools are also of potential interest.

First, other insurance rules than the one we have studied here could be analyzed, in particular
when the whole income is taxed so as to fund the insurance scheme. It is likely to generate more
complex arrangements and no so clear-cut results as in the present setting. More generally, various
studies have proven that many devices are used to collectively attain some insurance: coopera-
tive networks (Fafchamps and Lund, 2003), altruism (Foster and Rosenzweig, 2001), marriages
(Rosenzweig and Stark, 1989), state contingent loans (Udry, 1994).

Second, the assumption of full-commitment (the impossibility of individual defection) could be
relaxed so as to assess the impact of defection on the number and the size of risk-sharing coalitions.

Third, the introduction of risk-sharing coalitions, maybe enacted by an entrepreneur, in the
context of financial markets, is of clear interest. Even in economies with financial markets, some
form of coalitions exist: they may take the form of insurance companies, informal risk sharing
arrangements, or even publicly organized welfare institutions. We think that coalition theory is a
relevant tool to investigate these issues.

Finally, the link between risk-sharing and growth could be studied when agents are both able
to accumulate some production factors and voluntarily form coalitions. This could shed some light

on the relationship between risk-sharing and risk-taking over the long term. !

1 Jaramillo, Kempf and Moizeau (2005) study the relationship between coalition formation and growth, when
agents are unequally endowed in a primitive stage, in an endogenous growth model, but not taking into account

uncertainty.
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6 Appendix.

6.1 Proof of Proposition 1.

Existence. Given the value of V; (5;), if for the two groups S; and Sj/, we have:

Vi (S5) = Vi (Sy) <= 2<]>Zal%§2( )Zak

keS .

then we have:

Vi (Sj) > Vi (Sj/) Vil eI

This implies that the common ranking property is satisfied, that is:

According to Banerjee et al. (2001), the common ranking property implies that a core partition
exists.

Proof of (i): Uniqueness.

Here we assume consecutivity. Let us define p; the most risky agent of the consecutive group

Si\{p;} with size n; satisfying the two following inequalities:

2
o
Tp < [2n; +1] Z 7’;

keS\(ps} I

and

2

2
’ keS; (nj +1)

Let us consider the consecutive group S; whose lowest-individual-risk agent is . Given the definition

of the most risky agent, we can introduce the two following functions: I'(n) = 5% and ©(i,n) =
i+n—1
+Z_ 2
% ’;:2’ withn=1,.., N —i+ 1. Let us denote n*(i) + 1 the size of group S; such that:
i+n

I'(n*(i)) < (i, n*(i))

and

T(n*(i) + 1) > O(i,n*(i) + 1)

It is easy to check that I'(n) is an increasing function of n and I'(1) = 1. Given ©(,1) = 1 > T'(1),
if ©(,n) is decreasing with respect to n whatever ¢ € I and n < N — ¢, then n*(7) is unique as

I'(n) < O(i,n) for n <n*(i) and I'(n) > O(i,n) for n > n*(i).
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The function ©(i,n(i)) is decreasing if and only if:

9 i+n—1 9 i+n—1 9
: o o T kz—:iak 1 kz—:iak
ABO(i,n) =O(i,n(i) + 1) — O(i,n(i)) = | . - o <0<+
o2 i+n—1
Y (i,n) =noiy, — ((n—i— 1)Z+27"Jrl — n) ( Z a,%) < 0.
Oitn k—i

Let us consider the function ¢ (i,n). It is negative for all i, n < N — ¢ if

2 0‘2+2

. 7

Y (i,1) = Oi+1 — ( o2
i+l

—1) (67) <0and Ay (i,n) =9 (i,n + 1) — 1 (i,n) < 0.

2
Defining A\; 11 = U;gl, the inequality ¢ (7,1) < 0 is equivalent to
<Ui2+1;0i2) o (U?+2;Uzz+1> \ A
7; 4 : Tit1 _ il T A2 <1 (14)
<%> Aigo — 1
2
Oit1

Moreover, Vn > 1, Ay (i,n) < 0 is equivalent to

i+n—1
A (i,n) = (04 DAttt — (04 2) Nignra + 1) (07, + ( 013)) <0
k=i
s Y
i+n+1 i+n+2 (7’L + 1) S 1.
Ai—&—n—l—Q -1
Defining z =i 4+ n + 1, we can rewrite this inequality as follows:
)\z - >\z+1 z—1
_ 1 <1
pV— E+DE 7)<
As0 < ((ZZ;;)) < 1, we deduce that if for all z = 3,..., N—1, %(z—i—l) <1, then Av (i,n) < 0.

Given equation (14), we deduce that if for all z = 2,.., N — 1,%(2’4— 1) < 1 then
A (i,n) <0and ¢ (i,1) <0,Vi=1,..,N.

Hence, when for all z =2,..., N — 1, % (z+1) <1, we deduce that there is a unique size
n; for the club §j.

Proof of (ii): Consecutivity.

By contradiction, let us consider a core-partition P* characterized by some non consecutive
groups, that is, there exist individual i, € S* and i’ € S% with i < i <.

2 2 2

Suppose first that 7(S7) > «(S}). Asi < i < i = o; < oy < 0%, we have m(S5) >
m((S3\{7'}) U{i}), which leads to

vz € (S \{i'}) U{i}, Va((Si\{i}) ui}) > Va(P7).
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Second, assume that 7(S},) > 7(S7). We have m(S7) > x((S7\{i}) U {i'}), which leads to

vz e (SP\{i}) U{i'}, Va((SP\ih) U {i'}) > Va(PY).

Hence a contradiction with the fact that P* is assumed to be a core-partition.

Proof of (iii): Risk premium ordering.

Consider the first group S7. Let us define the group £; = {1, ,nj} which is consecutive,
comprised of the lowest-individual-risk agents and has the same size as group S;. From the de-
finition of the core-partition, we know that, V£ C I, Vz € S7 and £, V,(S7) > V,(£) and in
particular Vz € S} and £;, Vj =2,...,J, V;(57) > V.(£;) which means that V.£;, 7(ST) < 7(£;).
Moreover, given the consecutivity property, it is easy to show that 7(£;) < m(S}), Vj > 1. Hence,
m(ST) < m(S7). Considering the population I'\(S7US3U...USY), the same argument can be applied
for 57, leading to the result m(S7) < m(S3) < 7(53) < ... <m(S7) < .. <7w(S)_y).

This completes the proof.

6.2 Proof of Proposition 3.

Let us first denote S¢(i) any consecutive group whose less risky individual is i. We will denote by
n(i) the size of S¢(i) such that n(:) = arg max V;(S°(¢)) in the subset I\{1,2,...,7 — 1}, for a risk

ratio schedule A. Hence, n(7) satisfies inequalities characterizing a pivotal agent:

I'(n() —1) <O(,nE) —1) (15)
and
I'(n(i)) > O(4,n(i)) (16)
From Proof of Proposition 1, we know that I'(n) is an increasing function of n and, under some
i+n—1
condition, O(i,n) decreases with respect to n. We can rewrite ©(i,n) as follows: 711%2:;%

i+n—1i—1+n

@(i,n):% S0 %

v=i z=v+l ~
©(i,n) is a function of ¢ such that:
(i) When A\, = \, Vz € I, then ©(i,n) = O(¢',n) Vi, .
(ii)) When A, < A,41, Vz € I, then ©(i,n) > O(¢/,n) for i <.
(iii) When A\, > A\,41, Vz € I, then O(i,n) < O(¢/,n) for i <id'.
Hence, items (i), (ii), (iii) and inequalities (15) and (16) lead to Proposition 3.
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6.3 Proof of Proposition 4.

We will denote S¢(7) the consecutive club whose lowest risky agent is individual ¢. Let us denote
by n(i| A) the size of S°(¢) such that n(i| A) = argmax V;(5¢(4)), for a risk ratio schedule A.
We first offer the following Lemma

Lemma 1 For two societies I and I' characterized respectively by A = {da, A3, ..., AN} and A’ =

{NG, NS, A with X, < X, for z=2,..., N, we have n(i| A) > n(i| A).

N i+n—1i—1+4n N
Proof. Let us denote O( X;,) = O(i,n) =1 S J] L with Nin = (N1, Ait2s oo Nign—1)-

) n ) >\z
v=1 z=v+1
—

—

Hence for two vectors Ti,n and X, where A, > \,,Vz=i+1,...,1+n—1, we have O(\;,) >
—

O(XNin), Vi € I and Yn = 1,..., N — i + 1. Given inequalities (15) and (16) and that Q(Ti,n) >
—

©(Xin), it is thus easy to deduce that the optimal size of the consecutive group beginning with

agent ¢ is larger under A = {A2, A3, ..., Ay} than under A" = {X\), A5, ..., Ny }. Hence, Lemma 1. m

Lemma 2 Let us denote pge(;) the pivotal agent of any consecutive club S°(i). For any society I,

any ' < i we have pge(y > Pge(iry-

Proof. We know that o2 satisfies

Psei)

Pse(iy—1 o2

2 k
Thoro < 21 D Gy (17)

=1
and

Pse(i) o2

2 3
g1 > (205 +1] > - (18)

k=i J

Let us consider the consecutive club S¢(i') = {7/, ..., pge(; +1}. By assumption on the individuals

ordering, we have

Pse(s)

Pse(i) 2 2

O O g

E — > E —e for any i* <1

nt n'e
k=i 7 k=i J

I
Hence as 2+t < %

- for any n’ > n, we thus have

Pse@) o Pse(i) o

O > [205+1] Y b > [anf 1] Y Sk forany ¢ <.
k=i J k=i’ J

We easily deduce that pge(;y > pge(;ry for any i <i. m
Let us now define p; (A) the pivotal agent of club S; in the core partition associated to A.

Let us consider individual 1. Using Lemma 1, for A = {A2, A3,..., An} and A" = {A5, A5, ..., Ny}
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with A, < X, for z = 2,..., N, we deduce that pj(A) > p} (A’). Using Lemma 2, we thus deduce
that pi(A) = ng(pl(A)H)(A) > pse(p(a+1)(A). Using again Lemma 1 allows us to say that
Pse(p(A)+1) (A) > pgc(m(A,)H)(A’) = p3(A’). Hence p5(A) > p3(A’). Iterating this reasoning until
j = J allows us to say that p}(A) > pj(A) for any j = 1,...,J. Hence for any i = 1,..., N we thus
deduce that the number of pivotal agents associated with A such that p} (A) < compared to the
number of pivotal agents associated with A’ such p; (A’) < 4 is higher for A than A’. This ends

proof of Proposition 4.

6.4 Proof of Proposition 5.

Let us consider the two following societies. In society I’y there are N individuals characterized with
02 = 1. Hence, P’ = {I'}. In society I, n; individuals are characterized with 0% and ns individuals
are characterized with o3 such that 1 > 02 > 02. Let us choose o7 and 03 such that P = {S}, S5}
with S7 (respectively S3) comprised of the ny (respectively ng) individuals with o7 (respectively
03). Hence, 02, 03, n1, ng and x are such that

nla% + :130% nlaf

(1 2)? ()2 for all z € {1,...,n2}

which is equivalent to
2ny +x
03> ot —— "
ny

As the RHS is an increasing function of z, a sufficient condition for this inequality to hold is

2n1 + no
02> i — =,
ni

Thus, given both core partitions, we deduce that

_ al nio3 noo3 o o al a4
= —— J— d —_ —— P
7(P) SN <n1 )2 + no (n2)? + 50y an T(P') 5N + 5 v
In order to have 7(P) > 7(P’), 02 and o3 must be such that:
o% + 0% >1
Clearly there exist o2 and o3 that satisfy the following inequalities:

1>0% 1>03; ot +o5>1; 03 >0 =,
ni

For example, take 0% < which satisfies 1 > 02. As 0? > 0, we have 1 > 1 — . Notice that

ni
3ni+ng

of < 3nf}rn2 is equivalent to 1 — o > 0%2”;%. So that for any o3 such that 1 > 02 > 1 — 0%, the

four inequalities are satisfied.
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6.5 Regression coefficients ; and (.

If our model is true, we have obtained that

o wkes; % 2, 2
UV—FW (UV—FUi)—(J

) (2+ %)

+

Bi = (02 + 0?) (aﬁ%—zrnj\e[ig) [ Wz}z
(03-1'%2,) (0‘ +M) (U +Zkes >
G = (02 +0?) (03+27$§072”) _ [a§+ A;]

2
Let us suppose that limy_ %V < 00. This implies that
1

2
N, we thus easily deduce that when limpy_. Z—JQV < 00, then
1

2 2
g UN .
& v Vi=1,..,

Em I
As Ngaf <

2
LmetTm _ o yiZq N

Let us start with ¢;. Dividing by o2, it can be expressed as follows

o 1 02 | Lmer%m U?, Zkes o} o2 1
) () (G =) - (3550 ) (G 4)
G (Sj) = . ;
G0 (& S) 2]

As li Imerfn _( =1, N
s imy oo =R52™ =0,Vi = 1,..., N,
1

03 1 U,% og ZkES k 03
(ﬁ+mﬂﬁ%(ﬁ+a%%>@ﬁ
Gi = 2 272
ERIEINE
Hence,
Gi (S) ~ i — 721{6% U%
A n; o2n;N
which leads to
1
Ci (S]) ~ —,

The expression of 3; is obtained using a similar reasoning
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