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cedricksoh@gmail.com

January 6, 2021

Abstract

We propose a new spatial index called the Public Good spatial index, which is

the spatial version of the standard Public Good index under independence behaviors

(PGI). However, we show that the spatial model used, is not well suited for both,

the standard Shapley Shubik index and the standard Public Good index under Ho-

mogeneity behaviors (PGH); and consequently they do not have a consistent spatial

version with respect to our model. By contrast, the same spatial model is appro-

priated for the Banzhaf index and the aforementioned PGI index, concomitantly,

allowing their spatial versions in political games. We also argue that those two well

convenient spatial indices are only understandable under behavioral descriptions with

independence assumptions on political issues. Finally, the paper details our findings

by means of examples, comparisons, and it also provides relevant ways of computing

spatial power indices in real case studies when it comes to lower dimensions.

Key words: political games, spatial power indices, Public Good index, Banzhaf index.

Jel classification: C71, D71.

“A common objection, directed at a priori voting power of any kind, is that it is useless because
it makes unrealistic assumptions about voters’ behavior and the decision-making

process and ignores information about their actual behavior.”

ù Dan S. Felsenthal and Moshé Machover, The measurement of a priori voting power.
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1 Introduction

Because of the growing interest in applications of spatial power indices, it is not surpris-

ing that there is an extensive discussion of various spatial power indices going on in the

literature. We can observe a renaissance of the probabilistic interpretation about spatial

power indices, based on political games. This concept was first introduced by Owen (1971)

in extending the Shapley-Shubik power index in political games, then followed by Shapley

(1977) which gives another technique and viewpoint on it, and the result was thereby known

in the literature as the Owen-Shapley index. A few years later, Shenoy (1982) introduced,

inspired by the approach of Shapley, the Banzhaf power index for political games, but this

time based on the “question of individual outcomes” underlined by Straffin (1977). To

the best of our knowledge, the last extension on political games about well-known classic

power indices, was the Deegan-Packel index proposed by Rapoport and Golan (1985). Since

then, it appeared in the literature, the formulation of new approaches of spatial indices,

and more recently, a series of real applications (Brams et al., 1983; Passarelli and Barr,

2007; Barr and Passarelli, 2009; Alonso-Meijide et al., 2011; Benati and Marzetti, 2013;

Mielcová, 2016; Grech, 2020, etc.). To date, no spatial version of the Public Good power

index has been published, and this paper attempt to fulfill this gap in political games.

Our method is in many ways similar to that of Shenoy, but since the Straffin’s question

of outcome previously mentioned is not appropriated for the Public Good index, we need

to take under consideration another probabilistic interpretation of the Public Good index,

which is provided along with several interpretations in Brueckner (2001). We thus infer

from those probabilistic interpretations that, only one of them is well suited for the spatial

model considered throughout this work —that interpretation, as we will see in the present

paper, is the one based on the independence assumption of voting behaviors.

In the global literature on power indices, a popular view is that a power index represents

a reasonable expectation of a collective decision-making outcome. If the collective decision-
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making can be described by a model, then a power index should answer the question: what

is the probability that a voter i is decisive for the collective outcome, given that we have no

other information on the voting, the voters’ preferences and the formation of coalitions? At

this level of abstraction, the notion of power index represents an a priori evaluation of the

voting game to each player. However, combine empirical results with adequate theories

about coalition formation and voting behavior, may improve the probability estimates

which we get from the abstract power indices. There are oftentimes called empirical power

indices, and they are only used when such empirical results are available. In this work

they are applied on spatial voting games (well-suited for political games). We will then

use terminologies like spatial power indices to precise the link with our spatial model; also

our analysis of spatial power indices is deeply related to the analysis of coalition formation.

Lastly, as the ongoing groundwork indicates that the well-established Owen-Shapley spatial

index suffers by the so called “too much concentration of power” as argued by many authors

like (Passarelli and Barr, 2007; Benati and Marzetti, 2013, among others), in our model,

we do put in light that such a concentration’s problem does not occur. Furthermore,

many improvements and differences between our model to those which already exist in the

literature, are highlighted at length.

Our contribution. The development of power indices over the past five decades has

brought many new insights into the spatial voting theory. Surprisingly, the insight proposed

by Shenoy (1982) about a Banzhaf spatial index has gone almost untouched by game

theory researchers. To date, no one has published any formal analyze of that index. This

article redresses this neglect and besides, from the result of an 1990 article of Leech (1990)

published in Public Choice which weakened the assumptions proposed by Straffin (1977),

we deeply investigate the work of Shenoy (1982) and uptate his result. Furthermore, by

considering the results of Brueckner (2001), we have pushed forward that investigation and

as a result propose a new spatial power index —the Public Good spatial index. Therefore,
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since Shenoy (1982) proposed his model, this paper provides the first formal analysis of

his work whereby, we infer the first spatial version of the Public Good index. Lastly, in

addition to detail how the model works in practice, our paper also presents examples and

comparisons.

Organization of the paper. Preliminaries on simple games and probabilistic interpre-

tations of power indices are presented in the next section. Section 3 introduces the spatial

model and the main spatial power indices of the paper, among others. Section 4 provides

many illustrations, examples and comparisons. Lastly, section 5 is devoted to concluding

remarks.

2 Simple games

2.1 Notation and definitions

Throughout this document, we will use the following basic notation. Let N � t1, 2, . . . , nu

denote the set of all players indexed by the first n natural numbers. Any nonempty subset

of N is called coalition. Let 2N denote the set of all possible coalitions. All n� person

cooperative games that model voting bodies in which each coalition can either “win” or

“lose” are called simple games (Von Neumann and Morgenstern, 1947). In other words,

simple games form a certain class of n-person cooperative games in which each coalition is

either all powerful or completely ineffectual. First, we denoted by GN the set of all simple

games with the player set N , where a simple game on N is defined as follows.

Definition 1 A simple game consists of a finite set of players represented by N , and a

collection W of subsets of N satisfying the following properties:

• H RW;

• N PW;

• if S PW and S � T , then T PW (monotonicity proterty).
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W is called set of winning coalitions, and the couple pN,Wq represents the simple game.

The starting point in the above definition of simple game is that, each coalition of

players is classified as either winning or losing. This is summarized by the characteristic

function V : 2NÝÑt0, 1u, where V pSq � 1 if and only if the coalition S is winning (S PW).

When players are seen as voters,W is called the voting rule and V � pN,Wq the voting

game. A weighted majority game is a voting game that can be represented by the symbol

rq;w1, w2, . . . , wns where q ¡ 0 is called the quota and wi ¡ 0 is the weight associated

with the ith voter. In the standard case, voters make a yes or no decision on some political

issue; and the issue is passed if the number of supporting votes overcomes the threshold

q. The associated game’s characteristic function V satisfies the condition V pSq � 1 if and

only if
°
iPS wi ¥ q, for all coalitions S P 2N . For instance, the three most common voting

games are the straight majority game represented by rpn� 1q{2; 1, 1, . . . , 1s, when n is odd

; the pure bargaining game (or unanimity game) given by W � tNu, but also represented

by rn; 1, 1, . . . , 1s, and the 3�person market game V3p1q represented by r3; 2, 1, 1s.

2.2 The theory of voting power

A power index is a function ψ :� pψiqi which assigns the vector ψpN,Wq P Rn to each

simple game pN,Wq, where each component ψipN,Wq is the power of voter i in pN,Wq.

Definition 2 (decisive voter) A voter i is said to be decisive or critical for a winning

coalition S if by leaving S, i makes the remaining coalition Sztiu losing.

We will denote by DipWq the set of coalitions for which voter i is decisive. A winning

coalition S is called minimal winning coalition if and only if every proper subset of S is

losing. We will also denote by MpWq (respectively MipWq) the set of minimum winning

coalitions (respectively the set of minimum winning coalitions containing voter i). Without

any confusion, DipWq,MpWq and MipWq will be rewritten as Di,M and Mi.
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As mentioned in Brueckner (2001), in all well-known power indices, the power ψi of

voter i is defined as the weighted sum of contributions KipSiq in a game V that voter i

brings to each possible coalition Si in which s/he belongs to. The weighted factor for each

coalition Si is denoted by fpSiq. Formally,

ψi � ψipV q :�
¸
Si

fpSiqKipSiq, (2A)

where KipSiq depends on the specific definition of power in the coalition Si and in almost

all standard power indices KipSiq :� V pSiq � V pSiztiuq, which is also called the marginal

contribution of voter i in the coalition Si. On the other hand, the coefficient fpSiq depends

on behavioral assumptions on the formation of coalitions.

In the next subsection, we are only concerned about three well-known power indices

in the literature, namely, Shapley-Shubik index, Banzhaf-Coleman index and the Public

Good index. First, let us begin by some recalls. We will define them with respect to the

standard form provided by formula (2A).

2.2.1 Standard approaches

Symmetric Shapley-Shubik index (Shapley and Shubik, 1954) The Shapley-

Shubik index measures a voter’s power by considering the relative expected frequency

with which s/he turns a losing coalition into a winning one. Consider all possible orderings

of n voters (i.e permutations), which may be taken as all of the potential ways of building

up towards the full coalition. Then, following any of these permutations, there is a unique

voter who by joining the coalition, turns it from losing to winning: that voter is called the

“pivot” of the considered permutation. Thus, the Shapley-Shubik index denoted φ :� pφiqi

is, to any voter i, the frequency whereby s/he is the pivot over all possible permutations.

Formally, for all V P GN , we have from formula (2A),

φi � ψi, where KpSiq :�

"
1 if Si P Di
0 otherwise

, and fpSiq :�
psi � 1q! pn� siq!

n!
.
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Symmetric Banzhaf-Coleman index (Banzhaf III, 1964; and Coleman, 1971).

The non normalized Banzhaf-Coleman index denoted by β :� pβkqk, is similar to the

Shapley-Shubik index, but it considers the marginal contributions of a voter to all the

coalitions s/he belongs to, without considering the order of the voters. More formally, for

any voter i P N and any V P GN , from formula (2A),

βi � ψi, where KpSiq :�

"
1 if Si P Di
0 otherwise

, and fpSiq :�

�
1

2


n�1

.

And its normalized version denoted by β :� pβiqi, is defined for any voter i by,

βi �
βi°
kPN βi

.

In this symmetric case, the normalized version is always efficient, but we will see next that,

this efficiency property is no longer always guaranteed in the spatial model.

The Public Good index (Holler, 1982). The Public Good index or Holler index,

denoted by γ :� pγiqi is defined as the normalization of the frequency for which a voter

belongs to a minimal winning coalition. More formally, for any voter i P N and any

V P GN , from formula (2A),

γi � ψi, where KpSiq :�

"
1 if Si PMi

0 otherwise
, and fpSiq :�

|Mi|°
kPN |Mk|

.

2.2.2 Probabilistic interpretations

As Shenoy (1982), we argue that one way of looking at how a voting system distributes

power among its voters, is to suppose that each issue will induce a probability with which

each voter will vote ‘aye’ for the issue. If a voter is strongly for the issue, then that

probability will be close to 1, if s/he is strongly against it, it will be close to 0, and if

s/he is indifferent to it, it will be close to 1{2. Now, suppose that a decision making

committee must decide to pass or reject a sequence of issues. Thus, related to each issue ξ,
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piξ represents the probability that voter i will vote ‘aye’ for ξ, and then, will be a member

of the coalition supporting the issue ξ with the probability piξ.

In the literature, there are several approaches about these individual probabilities. We

usually consider independent assumption (i.e. all pi, i P N are independent), homogeneity

assumption (i.e. all pi, i P N are equals) or partial homogeneity assumption (i.e. prob-

abilities are identical within m different groups, but independent across those groups).

Sometimes, we consider uniformly distributions over these probabilities depending both on

the assumption we have and what we are focusing on.

For instance, we will consider the homogeneity and independence assumptions from

Brams et al. (p. 298); and after a slightly modification of the independence assumption

highlighted in Leech (1990), we obtain the following three assumptions.

Independence assumption (A1). Every issue ξ has a probability piξ of appealing to the

voter i. Each of the piξs is chosen independently from the interval r0, 1s and such that

the mean of the distribution is 1{2. (Here, how one voter feels about an issue ξ has

nothing to do with how another one feels about the same issue.)1

Homogeneity assumption (A2). Every issue ξ to be decided on by the decision-making

body has a certain probability pξ of appealing to every single member of the commit-

tee. Furthermore, for various proposals, pξ varies uniformly between 0 and 1. (The

homogeneity among the voters means that they all have the same probability pξ of

voting for the issue ξ, but pξ varies from issue to issue.)

Partial homogeneity assumption (A3). This case is a mixture of the two assumptions

above. Actually, for any issue ξ the voter set N is partitioned into m groups such

that individual probabilities on ξ are identical within groups, but independent across

groups. More formally, there exist a partition pHkqk�1,...,m of N , and a sequence pqkqk

1It should be noted that this assumption does not depend on the uniform distribution. It holds for any
symmetric probability distribution from which the piξs are drawn independently.
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such that qk � U r0, 1s, and piξ � qk for all i P Hk, k � 1, . . . ,m.

Coalition formation with respect to issue ξ. The probability that a coalition Si

containing voter i forms with respect to any issue ξ, is denoted by pξpSiq. This represents

the conditional probability of coalition formation Si, given that voter i supports the issue

ξ (i.e. conditional on piξ � 1). Then, by considering all the available issues, the likelihood

of the coalition formation of Si is given as fpSiq �
³
ξ
pξpSiqdFξ. Thus, by formula (2A)

ψi �
¸
Si

fpSiqKipSiq �

»
ξ

ΨipξqdFξ, where Ψipξq :�
¸
Si

pξpSiqKipSiq. (2B)

Now, taking into account our three assumptions (A1), (A2), (A3), it yields the followings.

• Under the independence assumption (A1) on issue ξ, pξpSiq is given by,

pξpSiq :�
¹

jPSiztiu

pjξ
¹

kPNzSi

p1 � pkξ q. (2C)

Since the mean of the probability distribution of each piξ on r0, 1s is 1{2, we obtain:

fpSiq �

»
ξ

pξpSiqdFξ �
¹

jPSiztiu

» 1

0

pjdpj
¹

kPNzSi

» 1

0

p1 � pkqdpk �

�
1

2


n�1

.

In particular, when for all k P Nztiu, pkξ � 1{2, we obviously obtain,

fpSiq �

»
ξ

pξpSiqdFξ �

�
1

2


n�1

.

• Under the homogeneity assumption (A2), it follows that,

pξpSiq :�
¹

jPSiztiu

pξ
¹

kPNzSi

p1 � pξq � pξ
si�1p1 � pξq

n�si . (2D)

Thus, if the probability distribution on issues implies that pξ � U r0, 1s, then

fpSiq �

»
ξ

pξpSiqdFξ �

»
ξ

pξ
si�1p1 � pξq

n�sidFξ �

» 1

0

psi�1p1 � pqn�sidp

p�q

psi � 1q! pn� siq!

n!
.
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Where p�q is because of Beta integral’s properties, and si :� |Si|.

• Under the partial homogeneity assumption (A3), we will obtain,

pξpSiq :�

�
��� ¹

HlQi
jPHlXSiztiu

qlξ
¹
kPHl
kPNzSi

p1 � qlξq

�
����

¹
r�l

�
��� ¹
jPHrXSiztiu

qrξ
¹
kPHr
kPNzSi

p1 � qrξq

�
��� .
(2E)

Interpretation. In terms of probabilistic interpretation, the coefficient fpSiq can be

interpreted as the probability that the coalition Si will form taking under consideration

all the issues. Once such issues are known, then the power index obtained is subsequently

said to be asymmetric; in particular when these issues come from spatial models as we will

see in the next section, those asymmetric power indices are thereby called spatial power

indices.

By contrast, in absence of any information about these issues, we will usually consider

the two first aforementioned assumptions (A1) and (A2). Consequently, obtain the four

propositions stated below2, which also use the two following formulae,

KpSiq :�

"
1 if Si P Di
0 otherwise

, (2F)

and

KpSiq :�

"
1 if Si PMi

0 otherwise
. (2G)

Here are our propositions.

Proposition 1 The independence assumption (A1), along with the definition (2B) and
the relation (2F), yield the symmetric non-normalized Banzhaf power index.

Proposition 2 The homogeneity assumption (A2), along with the definition (2B) and
the relation (2F), yield the symmetric Shapley-Shubik power index.

Proposition 3 The independence assumption (A1), along with the definition (2B) and
the relation (2G), yield the symmetric Public Good power index (after normalization).

2Actually, by considering the partial homogeneity assumption (A3), one might also add two more
propositions (one related to Shapley-Shubik, and the other to the Public Good index); but both are
irrelevant for our model.
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Proposition 4 The homogeneity assumption (A2), along with the definition (2B) and
the relation (2G), yield what is called the symmetric Public Good power index for homo-
geneous voting behavior (PGH for short) (after normalization).

3 Spatial Games

These kinds of games are simply defined as voting games associated with a subdomain D

of the m� dimensional Euclidean space Rm. Usually, spatial voting games represent in the

best way the framework for political games, whereby the voters are assumed to have their

most preferred points in the space D. These points, representing those voters, are called

their ideal points3, and the space D is henceforth called ideological space of the spatial

game. Actually, in Rm, each dimension represents political or ideological parameters,

such as, left/right (economic), left/right (international), economic growth/environment,

etc. (e.g when m � 1 the linear structure of R will help us to capture intuitive ideas

like moderation and extremism, then we can think of R1 as the left to right spectrum

of political ideology). Moreover, the conventional assumption made is that, voters have

euclidean preferences —the more a point is close to my ideal point, the more I prefer that

point; in another words, voters prefer points that are close to their ideal points.

From now on, we suppose that each voter i P N is represented by Qi P D, with D � Rm.

Definition 3 A spatial game V defined on an ideological space D � Rm, is a triplet
pN,W , QNq, satisfying the following two items.

1. pN,Wq is a simple voting game, with a characteristic function V : 2NÝÑt0, 1u such
that V pSq � 1 if and only if S PW;

2. QN :� pQiqiPN is the vector of ideal points, each of them belonging to D.

We denote the spatial game in the ideological space D � Rm by VpDq :� pN,W , QNq.

3They represent ideological description or political profile of voters.
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3.1 Ideology and issue

Here, we will recall the model that is defined by Shenoy (1982) by keeping in mind that,

the purpose of this subsection is to provide the probabilities piξ of voters i P N , given their

ideological positions Qi along with the political issues ξ. First, consider the ideological

space D as being the half-ball Bm1{2 recalled below.

Bm1{2 :�

"
x P Rm : px21 � x22 � � � � � x2mq

1{2
¤

1

2

*
. (3A)

Notice that, each ideal point (i.e political profile) must belong to Bm1{2. Moreover, the

collection of those points is called a constellation, denoted by CpNq and defined as follows.4

CpNq :�
 
x P Bm1{2 { Di P N : x � Qi

(
.

The second stage, is the way political issues are represented. In the Shenoy’s compu-

tation scheme, it is assumed that, the assembly of voters will be presented with a series of

issues that arise out of some random process. Thus, in this spatial model, each issue ξ will

consist of some combination of the parameters of the ideological space, and will generate

for any voter i the probability piξ with which s/he will vote ‘aye’ on ξ, and piξ is given by:

piξ :�
1

2
� ξ1Q

i
1 � ξ2Q

i
2 � � � � � ξmQ

i
m. (3B)

Here, the issue ξ :� pξ1, ξ2, . . . , ξmq will always be considered as a unit vector. In other

words, the set of political issues is the unit hypersphere Sm1 defined as,

Sm1 :�
!
x P Rm : px21 � x22 � � � � � x2mq

1{2
� 1

)
.

From (3B), it follows that piξ P r0, 1s, as satisfied by probabilities: so piξ it is well-defined.

As stated in Shapley (1977), both the political profiles and the political issues, repre-

sented as points in the m�dimensional space, should be regarded differently as belonging

to dual spaces, not to the same. For a visual illustration, we refer the reader to Figure 1.

4So unlike the Shapley’s approach or even approaches in Owen (1971), Rapoport and Golan (1985),
Alonso-Meijide et al. (2011), any two voters here, are allow to choose the same ideal points. Which by the
way, makes sense in real situations.
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Figure 1: ideological space Bm1{2, and issues space Bm1 , when m � 2.

3.2 Spatial power indices

In this subsection we will define some spatial power indices on any given voting rule, and

these definitions will take into account both the constellation CpNq followed by political

issues. Since we do not have any additional information about political issues other than

the issue’s space itself, we will mostly assume that each issue is randomly selected according

to the uniform probability distribution5 on the unit hypersphere Sm1 . On the other hand,

without any further information about political profiles on voters, we will obviously suppose

that they are all independent. Obviously, as the voters are supposed to have independent

ideal points tQi, i P Nu, the probabilities tpiξuiPN on any issue ξ are also independent. That

is why, by taking into account this independence assumption, the spatial approach in this

paper is more appropriate for both the Banzhaf index and the Public good index, as the

above propositions show.

5If in some particular context, this assumption is not satisfied, then we must use an appropriate
distribution function on Sm1 . (especially when we have precise information about political issues)
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Shenoy is the pioneer of the spatial approach of this paper, and he proposed the Banzhaf

spatial index6 which is based on the Question of effect on outcome developed in Straffin

(1977), p.112; that is why, the spatial model requires that in absence of information that,

both the political profiles must be independent, while the political issues ξ P Sm1 must

be drawn from the uniform probability distribution. In order to integrated in the same

spatial model the Public Good indices, we need to consider a modified version of that

“Question of effect on outcome”. Actually, that previous question combines at the same

time the probability of formation of coalitions and the concept of power, whereas, based

on Brueckner (2001), our work treats these two effects separately, as made in subsection

2.2.2 so that restricted to the Shenoy’s assumption, we exactly obtain the same Banzhaf

spatial index. Below are provided our findings.

3.2.1 Banzhaf spatial power index

Denoted by ψ
B

:� pψ
B

i qi, the Banzhaf spatial index is defined for each voter i, with respect

to the previous spatial model as follows,

ψ
B

i :�

»
ξ

ΨB
i pξqdFξ, with ΨB

i pξq :�
¸
Si

pξpSiqKipSiq, (3C)

where the issues ξ are drawn from the uniform distribution on Sm1 , and Fξ being the uniform

cumulative probability distribution function on Sm1 . Furthermore, the factor pξpSiq is given

by formula (2C) while KipSiq is given by formula (2F), both leading to the next equality.

ΨB
i pξq �

¸
SPDi

¹
jPSztiu

pjξ �
¹
kPNzS

p1 � pkξ q, for all ξ P Sm. (3D)

Notice that, when all the ideal points are located at O (the center of the half-ball Bm1{2), we

obtain piξ � 1{2, for all voter i and issue ξ. Thus, the Banzhaf spatial index will coincide

with the symmetrical Banzhaf index, regardless of the probability distribution.7

6After many discussion with some researchers including Shapley, as claimed the author.
7This coherence does not appear in Owen-Shapley index (Shapley, 1977), where it is “quite hard” to

get back to the classic Shapley-Shubik index, especially in higher dimensions, since it requires n � m for
coinciding with its classic form.
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The normalized Banzhaf spatial index , denoted by ψB :� pψBiqi, is defined for each

voter i by:

ψBi :�

#
ψ
B
i

°
kPN ψ

B
k

if
°
kPN ψ

B

k � 0

0 otherwise
.

We obviously check that ψB is efficient8 if and only if
°
kPN ψ

B

k � 0. In practice, due to

the appealing property of the efficiency, we will mostly use ψB rather than ψ
B

.

3.2.2 The Public Good spatial power index

For this new index, called the non normalized Public Good spatial index and denoted by

ψ
PG

:� pψ
PG

k qk, the assumptions made about political profiles and political issues remain

the same as those of the Banzhaf spatial index. The only difference behind this new index,

comes from the coalition formation as stated previously about the standard Public Good

index and minimal winning coalitions. We will now formally define our new spatial index

for any voter i by,

ψ
PG

i :�

»
ξ

ΨPG
i pξqdFξ, with ΨPG

i pξq :�
¸
Si

pξpSiqKipSiq, (3E)

where the issues ξ are drawn from the uniform distribution on Sm1 , and Fξ being the uniform

cumulative probability distribution function on Sm1 . Furthermore, the factor pξpSiq is given

by formula (2C) while KipSiq is given by formula (2G), both leading to the next equality:

ΨPG
i pξq �

¸
SPMi

¹
jPSztiu

pjξ �
¹
kPNzS

p1 � pkξ q, for all ξ P Sm. (3F)

Furthermore, one can realize that, our new spatial index always coincides with the Banzhaf

spatial index when Di � Mi for all voter i. That would evidently happen whenever all

the voters are symmetric in the voting game.

Now, we define the Public Good spatial index denoted by ψPG as being the normalized

version of ψ
PG

. To wit, for all voter i,

8A power index is efficient when by summing up all its components in any simple game, we always
obtain 1.
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ψPGi :�

#
ψ
PG
i

°
kPN ψ

PG
k

if
°
kPN ψ

PG

k � 0

0 otherwise
. (3G)

Here again, ψPG is efficient if and only if
°
kPN ψ

PG

k � 0. This implies that, the efficiency

is not always satisfied as it does in the symmetric Public Good index9. Also, it could be

worth mentioning that, once all the ideal points are located at point O (i.e piξ � 1{2, i P

N ; ξ P Sm1 ), the new Public Good spatial index will always coincide with its symmetric

form (this result is independent of any probability distribution on Sm1 ).

Remark: one might realize that on symmetric games, the Public Good spatial power

index always coincides with the normalized Banzhaf spatial power index. Examples of

such cases, using straight majority games and pure bargaining games, are provided in

Section 4.

3.2.3 The Shapley-Shubik index and the Public Good index with homogeneity

So far, one might realize that we were focused on power indices linked to independence

assumptions, and might ask what about those related to homogeneity assumptions? Before

answering the question, let us first clarify that, by the Public Good index with homogene-

ity, we mean the one related to homogeneity assumption as mentioned in Proposition 4,

and abbreviated by PGH. Now, the question that can help us is: “under what condi-

tions in our spatial approach, do we establish the Shapley-Shubik index and the PGH

index?” More generally, related to the probabilities piξ, under what conditions do we ob-

tain the homogeneity assumption (A2)? When m � 2, an answer is given by the following

theorem10.

Theorem 5 For m � 2, if all the voters are located at the point p1, γq, 0 ¤ γ   2π (in
polar coordinates); and the probability distribution of issues ξ :� p1, θq is given by the

9For a counterexample, consider the straight majority rule in which, for any voter i and issue ξ,
piξ P t0, 1u.

10This theorem that we do not proof here, is a slightly modification of the one in Shenoy, 1982, p.307
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density function

fξpθq :�
1

4
| sinpθ � γq|, @θ P r0, 2πr.

Then, for all i P N , piξ � pθ � U r0, 1s, with pθ :� 1
2

cospθ � γq.

The result of this theorem is straightforward interpreted as being the homogeneity

assumption (A2). For higher dimensions, such a theorem is still possible. The voters

just have to be located altogether at any point on the boundary of Bm1{2. Additionally,

the probability distribution of issue directions ξ P Sm1 must be such that, the induced

probability distribution of pξ belongs to U r0, 1s. Then, we will have the homogeneity

assumption (A2) accordingly11.

4 Illustration by a few examples

We notice that in real case studies the dimension m of data (political profiles and polit-

ical issues) is almost always large (m ¡¡ 3). Thus, in such cases, we usually use some

dimensionality reduction techniques12, which allow us to reduce the original dimension of

the data space so that we can obtain in smaller dimensions (usually dimensions 1, 2 or 3),

a pretty good representation of our data. Thus, we need to know how to compute our

spatial indices in such lower dimensions. Accordingly, in the following we are interested in

dimensions 1, 2 and 3, to illustrate the computation of spatial indices through our method.

Some examples are also given afterwards.

11If we were concerned about indices based on assumption (A3) (like the one use in Straffin (1977) for
the study of the Canadian constitutional amendment scheme ; and the ones used in Brueckner (2001)), we
would have in an appropriate form, a similar result as this theorem for 3�dimensional space and higher.
But this is beyond the scope of this paper. Furthermore, as already mentioned, this spatial model is by
construction, best fitted under assumption (A1).

12E.g. the most well-known is the so-called factor analysis methods, the interested reader can find out
more in Harman (1976)
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4.1 Illustrations

In the next three claims, any issue is denoted by ξ P Sm1 , and the ideal point of any voter

i P N is denoted by Qi :� pQi
1, Q

i
2, . . . , Q

i
mq P Bm1{2. Furthermore, whether the spatial

power index β is Banzhaf or the Public Good (non normalized), for any voter i, βi is given

by the following expression,

βi �

»
ξ

ΨipξqdFξ �

»
ξ

Ψipξqfξdξ,

where fξ is the density function associated to the uniform distribution of issues on Sm1 .

From now on, what matters in practice is the way each probability is really obtained.

Claim 1: In 1�dimension, we consider euclidean coordinates.

Here, for any voter i, i’s probability of agreement on any issue ξ P t�1, 1u is given by:

piξ �
1

2
� Qiξ, where Qi P B1

1{2 �
�
�

1

2
,
1

2

�
.

Thus,

βi �
1

2
rΨip�1q � Ψip1qs .

Claim 2: In 2�dimension, we consider polar coordinates.

Here, i’s probability of agreement on issues ξ :� p1, θq, p0 ¤ θ   2πq is given by:

piξ �
1

2
� ri cospθ � θiq, where Qi P B2

1{2; with Qi :� pri, θiq.

Then,

βi �
1

2π

» 2π

0

Ψipθqdθ.

Claim 3: In 3�dimension, we consider spherical coordinates.

Here, with ξ :� p1, θ, φq and Qi :� pri, θi, φiq P B3
1{2 ; 0 ¤ θ   2π, 0 ¤ φ ¤ π, we get,

piξ �
1

2
� ri cospθ � θiq cospφ� φiq, where fξ � fpθ, φq :�

1

4π
sinφ.

Therefore,

βi �
1

4π

» 2π

0

� » π

0

Ψipθ, φq sinφdφ
	
dθ.
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4.2 Examples of symmetric 3�voters voting games

This subsection provides two distinguished examples on classic games. Both of them are

given in dimensions one and two, and also consider the three voters as being 1, 2 and 3,

along with their respective ideal points Q1, Q2 and Q3.

4.2.1 Straight majority voting rule

Here, the voting rule is given by M :� t12, 13, 23u. As we see, voters are all symmetric,

which implies that the normalized Banzhaf spatial index coincides with the Public Good

spatial index. In order to compute the power of voters, notice that, related to any ξ P Sm1 ,

we have,

Ψipξq :� pjξ � p1� pkξ q � p1� pjξq � p
k
ξ , for i, j, k � 1, 2, 3 ; i � j; j � k; k � i. (4A)

In dimension 1 (i.e. m � 1): by (4A) and Claim 1, we have for each voter i,

Ψipξq �
�1

2
� ξQj

	�1

2
� ξQk

	
�

�1

2
� ξQk

	�1

2
� ξQj

	

p�q

1

2
� 2 QjQk.

Where p�q takes into account that ξ2 � 1. Thus, using Claim 1 again, we obtain,

β :� pβ1, β2, β3q �
�1

2
� 2 Q2Q3,

1

2
� 2 Q1Q3,

1

2
� 2 Q1Q2

	
.

In dimension 2 (i.e. m � 2): by (4A) and Claim 2, we have for each voter i,

Ψipξq �
�1

2
� rj cospθ � θjq

	 �1

2
� rk cospθ � θkq

	
�

�1

2
� rk cospθ � θkq

	 �1

2
� rj cospθ � θjq

	
.

Here from Claim 2, we can write,

βi �

»
ξ

Ψipξqfξ �
1

2π

» 2π

0

p∆jkpθq � ∆kjpθqq dθ. (4B)
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Where ∆jkpθq :�
�

1
2
� rj cospθ � θjq

	 �
1
2
� rk cospθ � θkq

	
, and we also have

∆jkpθq �
1

4
�

1

2

�
rj cospθ� θjq � rk cospθ� θkq

�
� rjrk cospθ� θjq cospθ� θkq. (4C)

Since,» 2π

0

cospθ� θjq cospθ� θkqdθ p�q

1

2

» 2π

0

�
cosr2θ�pθj � θkqs� cospθj � θkq

	
dθ, (4D)

and» 2π

0

cospθ � θjqdθ � 0, and

» 2π

0

cosr2θ � pθj � θkqsdθ � 0 j, k � 1, 2, 3. (4E)

Then, combining (4C), (4D) and (4E) yields to,

1

2π

» 2π

0

∆jkpθqdθ �
1

4
�

1

2
rjrk cospθj � θkq p:q

1

4
�

1

2
prj, θjqprk, θkq �

1

4
�

1

2
pQj

1Q
k
1 �Qj

2Q
k
2q

(4F)
Notice that p�q and p:q are respectively obtained from the following classic formulae:

cospaq � cospbq �
1

2

�
cospa� bq � cospa� bq

	
and pr, φq � pr1, φ1q � rr1 cospφ� φ1q.

Now, it remains to consider (4B) and (4F) to obtain the following result,

β �
�1

2
� pQ2

1Q
3
1 �Q2

2Q
3
2q,

1

2
� pQ1

1Q
3
1 �Q1

2Q
3
2q,

1

2
� pQ1

1Q
2
1 �Q1

2Q
2
2q
	
.

4.2.2 The pure bargaining game (unanimity game)

Because the corresponding rule is defined by W :� tNu, all the voters are symmetric one

another, which as previously implies that the normalized Banzhaf spatial index coincides

with the spatial Public Good index. We will first consider three voters, and thereafter, we

will generalize the result to an arbitrary number n of voters, in both dimensions (m � 1

and m � 2). Voters are denoted by natural numbers and for all i P N, Qi is the i’s ideal

point. Now, related to any political issue ξ P Sm1 , in the case on three voters 1, 2 and 3,

we have,

Ψipξq :� pjξ � pkξ , for i, j, k � 1, 2, 3 ; i � j � k � i. (4G)
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In dimension 1 (i.e. m � 1): from (4G) and Claim 1, we have for voter i,

Ψipξq p�q

1

4
�QjQk � ξ

�
Qj �Qk

�
, with ξ P t�1, 1u.

Where p�q means by the same method used in straight majority rule in dimension 1,
and again, by Claim 1 we obtain the following,

β :� pβ1, β2, β3q �
�1

4
� Q2Q3,

1

4
� Q1Q3,

1

4
� Q1Q2

	
.

Generally, when the total number of voters is n ¥ 3, we obtain by induction on n,

βi �

�
1

2


n�1

� δtn¥4u

rn2 s�1¸
k�1

�
1

2


n�1�2k

�
��� ¸
S�Nzi
|S|�2k

¹
jPS

Qj

�
��� �

�
1 � p�1qn�1

2

�
�

¹
jPNzi

Qj.

In dimension 2 (i.e. m � 2): from (4G) and Claim 2, we have for voter i,

Ψipξq �
�1

2
� rj cospθ � θjq

	 �1

2
� rk cospθ � θkq

	
.

However, from Claim 2,

βi �

»
ξ

Ψipξqfξ �
1

2π

» 2π

0

Ψipθqdθ.

Which by a similar method used in the straight majority’s case above, gives

β � pβ1, β2, β3q

�
�1

4
�

1

2
pQ2

1Q
3
1 �Q2

2Q
3
2q,

1

4
�

1

2
pQ1

1Q
3
1 �Q1

2Q
3
2q,

1

4
�

1

2
pQ1

1Q
2
1 �Q1

2Q
2
2q
	
.

Similarly, when the total number of voters is n ¥ 3, we obtain by induction on n,

@k P N, βk �
�1

2

	n�1

�
�1

2

	n�2 ¸
1¤i j¤n;i�k,j�k

pQi
1Q

j
1 �Qi

2Q
j
2q.

4.2.3 Some interpretations in dimension 1

As we have already said, in symmetric games, our two indices are the same. Let us have

a look at the two previous examples in dimension 1, by considering various constellations

as shown the table 1.
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First, the way we must read table 1 (and table 2) can be intuitively think of as follows.

About the position of constellations in both tables 1 and 2, the extreme left position

px � �1{2q is seen as the extreme left position in a political spectrum, similarly for the

extreme right position px � �1{2q, and also for the (absolute) centrist position px � 0q.

One might even interpret such representations in the scope of relative positions (we would

therefore have various values of power since they all depend on relative positions). Another

mention is that, non separated points like Q1Q2 means they are in the same position in

the space.

#
Various

Constellations

Spatial power index β

(Straight Majority)

Spatial power index β
(Unanimity Game)

pψ1, ψ2, ψ3q pψ1, ψ2, ψ3q pψ1, ψ2, ψ3q pψ1, ψ2, ψ3q

1 Q1Q2Q3 �
1
2
, 1

2
, 1

2

� �
1
3
, 1

3
, 1

3

� �
1
4
, 1

4
, 1

4

� �
1
3
, 1

3
, 1

3

�
2 Q1 Q2Q3 �

0, 1
2
, 1

2

� �
0, 1

2
, 1

2

� �
1
2
, 1

4
, 1

4

� �
1
2
, 1

4
, 1

4

�
3 Q1 Q2Q3 �

1
2
, 1

2
, 1

2

� �
1
3
, 1

3
, 1

3

� �
1
4
, 1

4
, 1

4

� �
1
3
, 1

3
, 1

3

�
4 Q1 Q2 Q3 �

1
2
, 1, 1

2

� �
1
4
, 1

2
, 1

4

� �
1
4
, 0, 1

4

� �
1
2
, 0, 1

2

�
5 Q1 Q2Q3

p0, 1, 1q
�
0, 1

2
, 1

2

� �
1
2
, 0, 0

�
p1, 0, 0q

6 Q1Q2Q3

p0, 0, 0q p0, 0, 0q
�
1
2
, 1

2
, 1

2

� �
1
3
, 1

3
, 1

3

�
Table 1: Non normalized ψ, and normalized ψ versions of β index when m � 1.

4.3 Example of non symmetric 3�voters voting games

In this sub-part, our two considered spatial indices should be different. We first begin by

an example, make a comparison and thereafter, we will give some interpretations based on

various ideologies.

4.3.1 A veto power player game

This case is an example of non symmetric game, to show the difference between our two

spatial indices since the two sets tDi, i P Nu and tMi, i P Nu are no longer the same. In
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fact, let us define this voting game such as voter 1 is the veto player. Formally, the game

is given byM � t12, 13u (corresponding to the weighted game r3; 2, 1, 1s). It is clear that,

voters 2 and 3 being symmetric, by j, k � 2, 3; k � j, we have from formulae (3D) and

(3F),

ΨB
1 pξq :� pjξ�p1�p

k
ξ q�p

k
ξ�p1�p

j
ξq�p

j
ξ�p

k
ξ , and ΨB

j pξq :� p1ξ�p1�p
k
ξ q. (4H)

Whereas,

ΨPG
1 pξq :� pjξ � p1� pkξ q � pkξ � p1� pjξq, and ΨPG

j pξq :� p1ξ � p1� pkξ q. (4I)

From the two previous examples, we can infer the following results.

In dimension 1 (i.e. m � 1): from Claim 1, we have,

• The non normalized Banzhaf spatial index is,

ψ
B

:� pψ
B

1 , ψ
B

2 , ψ
B

3 q �
�3

4
� Q2Q3,

1

4
� Q1Q3,

1

4
� Q1Q2

	
. (4J)

• The non normalized Public Good spatial index is,

ψ
PG

:� pψ
PG

1 , ψ
PG

2 , ψ
PG

3 q �
�1

2
�2 Q2Q3,

1

4
� Q1Q3,

1

4
� Q1Q2

	
. (4K)

In dimension 2 (i.e. m � 2): from Claim 2,

• The non normalized Banzhaf spatial index is,

ψ
B
�
�3

4
�

1

2
pQ2

1Q
3
1 �Q2

2Q
3
2q,

1

4
�

1

2
pQ1

1Q
3
1 �Q1

2Q
3
2q,

1

4
�

1

2
pQ1

1Q
2
1 �Q1

2Q
2
2q
	
.

• The non normalized Public Good spatial index is,

ψ
PG

�
�1

2
� pQ2

1Q
3
1 �Q2

2Q
3
2q,

1

4
�

1

2
pQ1

1Q
3
1 �Q1

2Q
3
2q,

1

4
�

1

2
pQ1

1Q
2
1 �Q1

2Q
2
2q
	
.

4.3.2 Some qualitative results and comparisons

Here in the non symmetric games, our two considered spatial indices as we have seen,

are no longer the same. Thus, we can make some comparisons based on their ideological

positions.
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In dimension 1. Considering our 3�voters market game, we usually have many differ-

ences depending on the form of constellations as shown in table 2.

In dimension 2. We can make similar comparisons by considering various constellations

as shown in table 3.

#
Various

Constellations
Normalized Banzhaf
spatial index (ψB)

Public Good
spatial index (ψPG)

1 Q1Q2Q3

p3{5, 1{5, 1{5q p1{2, 1{4, 1{4q

2 Q1 Q2Q3

p1{2, 1{4, 1{4q p0, 1{2, 1{2q

3 Q1 Q2Q3

p3{5, 1{5, 1{5q p1{2, 1{4, 1{4q

4 Q1 Q2 Q3

p1{2, 1{3, 1{6q p2{5, 2{5, 1{5q

5 Q1 Q2Q3

p1{3, 1{3, 1{3q p0, 1{2, 1{2q

6 Q1Q2Q3

p1, 0, 0q p0, 0, 0q

7 Q2 Q1 Q3

p2{3, 1{6, 1{6q p2{3, 1{6, 1{6q

8 Q1Q2 Q3

p2{3, 1{3, 0q p2{3, 1{3, 0q

Table 2: Three veto players V3p1q in dimension m � 1.

5 Concluding remarks

This last section is devoted to recaps, remarks and perspectives. Firstly, we have

provided a new spatial power index namely the Public Good spatial index, and we have

compared it to the only one existing in our model notably the Banzhaf spatial index pro-

posed by Shenoy (1982). These two main spatial power indices have been deeply analyzed,

and we have observed many similarities among both, but also some divergences depending

on whether the voting rule is symmetric or not. To the best of our knowledge, there are

no significant studies on this spatial approach since Shenoy (1982) proposed it. We have

therefore deepened our investigations on it, and provided among others, ways of computing

our both spatial power indices, especially in lower dimensions.
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Secondly, in our spatial model the fundamental assumption is the independence behav-

iors assumption, allowing voters to freely choose their own ideal points in the ideological

space, consequently and in contrast to some existing spatial models like Shapley (1977),

gives to voters the right to have same ideal points (which oftentimes occurs in real political

situations). Among well-known indices with respect to such probabilistic interpretations

in the literature, we can just mention so far two power indices following the considered

spatial model — the Banzhaf index and the Public Good index. Even if in some specific

conditions the obtention of other indices like Shapley Shubik index or the PGH index

might be possible, there are not consistent with the model since they do not allow voters’

independence behaviors.

Lastly, as shown by Rapoport and Golan (1985)13, in some real case studies the Banzhaf

spatial power index performs better than the most studied spatial index — the Owen-

Shapley index. This latter observation emphasizes the great interest in our spatial model

for further research. On the other hand, one might check that, the two main spatial indices

in this paper satisfy the standard Dummy property, and are invariant via any rotation of

center O on voters’ ideal points. This leads us to possible axiomatic characterizations that

will be further investigated.
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#
Various constellations Normalized Banzhaf

spatial index (ψB)
Public Good

spatial index (ψPG)Q1 Q2 Q3

1 p0; 0q p0; 0q p0; 0q p3{5, 1{5, 1{5q p1{2, 1{4, 1{4q

2 p0; 0q p0; 0q p1{2; 0q p3{5, 1{5, 1{5q p1{2, 1{4, 1{4q

3 p0; 0q p1{2; 0q p0; 1{2q p3{5, 1{5, 1{5q p1{2, 1{4, 1{4q

4 p0; 0q p1{2; 0q p1{2; 0q p5{9, 2{9, 2{9q p1{3, 1{3, 1{3q

5 p0; 0q p1{2; 0q p�1{2; 0q p7{11, 2{11, 2{11q p3{5, 1{5, 1{5q

6 p�1{2; 0q p0; 0q p0; 0q p3{5, 1{5, 1{5q p1{2, 1{4, 1{4q

7 p�1{2; 0q p0; 0q p0; 1{2q p3{5, 1{5, 1{5q p1{2, 1{4, 1{4q

8 p�1{2; 0q p0; 0q p1{2; 0q p6{11, 3{11, 2{11q p4{9, 3{9, 2{9q

9 p�1{2; 0q p0; 0q p�1{2; 0q p6{9, 2{9, 1{9q p4{7, 1{7, 2{7q

10 p�1{2; 0q p0; 1{2q p0; 1{2q p5{9, 2{9, 2{9q p1{3, 1{3, 1{3q

11 p�1{2; 0q p0; 1{2q p�1{2; 0q p3{9, 1{9, 2{9q p4{7, 1{7, 2{7q

12 p�1{2; 0q p0;�1{2q p0; 1{2q p7{11, 2{11, 2{11q p3{5, 1{5, 1{5q

13 p�1{2; 0q p1{2; 0q p0; 1{2q p6{11, 2{11, 3{11q p4{9, 2{9, 3{9q

14 p�1{2; 0q p1{2; 0q p1{2; 0q p5{11, 3{11, 3{11q p1{4, 3{8, 3{8q

15 p�1{2; 0q p1{2; 0q p�1{2; 0q p7{11, 1{11, 3{11q p6{10, 1{10, 3{10q

16 p�1{2; 0q p�1{2; 0q p�1{2; 0q p5{7, 1{7, 1{7q p1{2, 1{4, 1{4q

Table 3: Three veto players V3p1q in dimension m � 2.
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Appendix

Non concentration of powers for Banzhaf spatial and Public Good indices.

Let V :� pN,W , CpNqq be a spatial game, and consider a sequence pVkqkPN of spatial

games with Vk :� pN,W , CkpNqq such that constellations CkpNq tend to the constellation

CpNq as k grows to infinity. Then any spatial power index ψ verifies the spatial continuity

property if

lim
kÝÑ�8

ψpVkq � ψpV q.

The next proposition highlights the non concentration of our two spatial indices, push-

ing forwards another interest of their use comparing to some existing spatial indices such as

Owen-Shapley index defined in Shapley (1977). Actually, Shapley (1977) follows “ordinal

approaches” of political profiles on any political issue, whereas our spatial model is rather

based on “cardinal approaches”.

Proposition 6 The Banzhaf and Public Good spatial indices satisfy the spatial continuity

property.

Proof: straightforward, since polynomial functions are continuous. Therefore, by p2Bq,

p3Dq and p3Dq we obtain the desired result. l
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