I héemsa

THéorie Economique, Modélisation et Applications Economique, Modélisation et Applications

Thema Working Paper n°2013-32
Université de Cergy Pontoise, France

Regularizing Priors for Linear Inverse Problems

Jean-Pierre Florens
Anna Simoni

UNIVERSITE
de Cergy-Pontoise

Lo October, 2013




Regularizing Priors for Linear Inverse Problems*

Jean-Pierre Florens' Anna Simoni?
Toulouse School of Economics CNRS and THEMA

This draft: October 2013

Abstract

This paper proposes a new Bayesian approach for estimating, nonparametrically, functional
parameters in econometric models that are characterized as the solution of a linear inverse
problem. By using a Gaussian process prior distribution we propose the posterior mean as an
estimator and prove frequentist consistency of the posterior distribution. The latter provides the
frequentist validation of our Bayesian procedure. We show that the minimax rate of contraction
of the posterior distribution can be obtained provided that either the regularity of the prior
matches the regularity of the true parameter or the prior is scaled at an appropriate rate.
The scaling parameter of the prior distribution plays the role of a regularization parameter.
We propose a new data-driven method for optimally selecting in practice this regularization
parameter. We also provide sufficient conditions so that the posterior mean, in a conjugate-
Gaussian setting, is equal to a Tikhonov-type estimator in a frequentist setting. Under these
conditions our data-driven method is valid for selecting the regularization parameter of the
Tikhonov estimator as well. Finally, we apply our general methodology to two leading examples

in econometrics: instrumental regression and functional regression estimation.
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1 Introduction

In the last decade, econometric theory has shown an increasing interest in the theory of stochas-
tic inverse problems as a fundamental tool for functional estimation of structural as well as reduced
form models. This paper develops an encompassing Bayesian approach to nonparametrically esti-
mate econometric models based on stochastic linear inverse problems.

We construct a Gaussian process prior for the (functional) parameter of interest and estab-
lish sufficient conditions for frequentist consistency of the corresponding posterior mean estimator.
We prove that these conditions are also sufficient to guarantee that the posterior mean estima-
tor numerically equals a Tikhonov-type estimator in the frequentist setting. We propose a novel
data-driven method, based on an empirical Bayes procedure, for selecting the regularization pa-
rameter necessary to implement our Bayes estimator. We show that the value selected by our
data-driven method is optimal in a minimax sense if the prior distribution is sufficiently smooth.
Due to the equivalence between Bayes and Tikhonov-type estimator our data-driven method has
broad applicability and allows to select the regularization parameter necessary for implementing
Tikhonov-type estimators.

Stochastic linear inverse problems theory has recently gained importance in many subfields of
econometrics to construct new estimation methods. Just to mention some of them, it has been
shown to be fundamental in nonparametric estimation of an instrumental regression function, see
e.g. Florens (2003), Newey and Powell (2003), Hall and Horowitz (2005), Blundell et al. (2007),
Darolles et al. (2011), Florens and Simoni (2012a). It has also been used in semiparametric
estimation under moment restrictions, see e.g. Carrasco and Florens (2000), Ai and Chen (2003),
Chen and Pouzo (2012). In addition, it has been exploited for inference in econometric models
with heterogeneity — e.g. Gautier and Kitamura (2012), Hoderlein et al. (2013) — for inference
in auction models — e.g. Florens and Sbal (2010) — and for frontier estimation for productivity
analysis — e.g. Daouia et al. (2009). Finally, inverse problem theory has been used for functional
regression estimation by e.g. Hall and Horowitz (2007) and Johannes (2008). We refer to Carrasco
et al. (2007) and references therein for a general overview of inverse problems in econometrics.

The general framework used in this paper, and that accommodates many functional estima-
tion problems in econometrics just as mentioned above, is the following. Let X and ) be infinite
dimensional separable Hilbert spaces over R and denote by x € X the functional parameter that
we want to estimate. For instance, x can be an Engel curve or the probability density function
of the unobserved heterogeneity. The estimating equation characterizes x as the solution of the
functional equation

WY=Ke+U’ zeX, e, §>0 (1)

where 3 is an observable function, K : X — ) is a known, bounded, linear operator and U? is an

error term with values in ) and covariance operator proportional to a positive scalar §. Estimating



z is an inverse problem. The function y° is a transformation of a n-sample of finite dimensional
objects and the parameter ~' > 0 represents the “level of information” (or precision) of the
sample, so that 6 — 0 as n — oo. For § = 0 (i.e. perfect information) we have ¢y’ = Kz and
UY = 0. In many econometric models, equation (1) corresponds to a set of moment equations with
y® an empirical conditional moment and § = % A large class of econometric models write under
the form of equation (1) — like moment equality models, consumption based asset pricing models,
density estimation of the heterogeneity parameter in structural models, deconvolution in structural
models with measurement errors. We illustrate two leading examples that can be estimated with

our Bayesian method.

Example 1 (Instrumental variable (IV) regression estimation). Let (Y, Z, W) be an observable real
random vector and z(Z) be the IV regression defined through the moment condition E(Y|W) =
E(z|W). Suppose that the distribution of (Z, W) is confined to the unit square [0,1]? and admits

a density fzw. The moment restriction implies that z is a solution to

By [E(Y |w)a / / a(w, v) fzw (2 w)duwdz

where a(w,v) € L?[0,1]? is a known and symmetric function, Ey denotes the expectation with
respect to the marginal density fyr of W and L2[0,1]? denotes the space of square integrable
functions on [0,1]2. This transformation of the original moment condition is appealing because
in this way its empirical counterpart is asymptotically Gaussian (as required by our Bayesian
approach). Assume that € X = L?[0,1]. By replacing the true distribution of (Y, Z, W) with a

nonparametric estimator we obtain a problem of the form (1) with § = %,

v’ = Ey [E(Y|w)a(w,v)] and Kz —/ / a(w,v) fzw (2, w)dwdz. (2)

O

Example 2 (Functional Linear Regression Estimation). The model is the following:
= / s +e, BEZ(s) =0, ZzeX=I201]), B<ZZ><c0 (3)

and €|Z, 7 ~ N(0,72), with < -, - > the inner product in L?[0, 1]. We want to recover the functional
regression z. Assuming that Z is a centered random function with covariance operator of trace-
class, the most popular approach consists in multiplying both sides of the first equation in (3) by
Z(s) and then taking the expectation: fo s)Cov(Z(s), Z(t))ds, for t € [0,1]. If we
dispose of independent and identically dlstrlbuted data (&1, 721),...,(&n, Zn) we can estimate the
unknown moments in the previous equation. Hence, x is solution of an equation of the form of
equation (1) with y° := 23" &7Z,(t), U° = 137, 6,Zi(t), 6 = L and Vp € L*([0,1]) — K¢ :=

n



LN < Ziyo > Zi(t). O

A Bayesian approach to stochastic inverse problems combines the prior and sampling infor-
mation and proposes the posterior distribution as solution. It allows to deal with two important
issues. First, it allows to incorporate in the estimation procedure the prior information about
the functional parameter provided by the economic theory or the beliefs of experts. This prior
information may be particularly valuable in functional estimation since often the data available are
concentrated only in a region of the graph of the functional parameter so that some parts of the
function can not be recovered from the data.

Second, since the quality of the estimation of the solution of the inverse problem (1) relies on
the value of a regularization parameter, it is particularly important to choose such a parameter in
an accurate way. This can be done with our Bayesian approach.

The majority of the Bayesian approaches to stochastic inverse problems proposed so far are
based on a finite approximation of (1) and so, cannot be applied to functional estimation in econo-
metrics, see e.g. Chapter 5 in Kaipio and Somersalo (2004) and Helin (2009), Lassas et al. (2009),
Hofinger and Pikkarainen (2007), Hofinger and Pikkarainen (2007), Neubauer and Pikkarainen
(2008). These papers consider a finite dimensional projection of (1) and recover x only on a finite
grid of points. Hence, they do not work for econometric models that consider functional obser-
vations and parameters. Knapik et al. (2011) study Bayesian inverse problems with functional
observations and parameter. However, their framework does not allow to accommodate the econo-
metric models of interest because of the different definition of the error term U°. Indeed, the
analysis of Knapik et al. (2011) works under the assumption that U is an isonormal Gaussian
process, which implies that U9, and by consequence 19, is not realizable as a random element in
Y. This assumption greatly simplifies the analysis but unfortunately does not hold, in general, in
econometric models because real (functional) data cannot be generated by an isonormal Gaussian
process. On the contrary, our paper works in the more realistic situation where U?, and therefore
y°, are random elements with realizations in ). Thus, our approach works for econometric models.

For the special case where model (1) results from a conditional moment restricted model, Liao
and Jiang (2011) proposed a quasi-Bayesian procedure. Their approach, which works also in the
nonlinear case, is based on limited-information-likelihood and a sieve approximation technique. It
is essentially different from our approach since we work with Gaussian process priors and do not
use a finite-dimensional approximation.

Working with Gaussian process priors is computationally convenient since in many cases
the sampling distribution is (asymptotically) Gaussian and thus the posterior is also Gaussian
(conjugate-Gaussian setting). The current paper gives sufficient conditions under which the pos-
terior mean of z, in a conjugate-Gaussian setting, exists in a closed-form and thus can be used to

estimate x. Existence of such a closed-form is not verified in general, as we explain in the next



paragraph and after Theorem 1. Agapiou et al. (2013) propose an alternative approach to deal
with this problem. Florens and Simoni (2012b) overcome this problem by constructing a regu-
larized posterior distribution which works well in practice but the regularization of the posterior
distribution is ad hoc and cannot be justified by any prior-to-posterior transformation. In compar-
ison to Agapiou et al. (2013) and Florens and Simoni (2012b), the current paper also provides an

adaptive method for choosing the regularization parameter as we explain in the next section.

Our contribution. Our estimation procedure is based on a conjugate-Gaussian setting which is
suggested by the linearity of problem (1). On one hand, such a setting is appealing because the
corresponding posterior distribution can be computed analytically without using any Markov Chain
Monte Carlo algorithm which, even if very powerful, slows down the estimate computation. On the
other hand, a conjugate-Gaussian Bayesian inverse problem has the drawback that the posterior
mean is, in general, not defined as a linear estimator but as a measurable linear transformation (mlt,
hereafter) which is a weaker notion, see Mandelbaum (1984). In particular, there is no explicit
form for the mit estimator and so it is unclear how we can compute the posterior mean estimator
of x in practice. Moreover, whether consistency of the mlt estimator holds or not is still an open

question.

The first contribution of our paper is to provide a sufficient condition under which the posterior
mean, in a conjugate-Gaussian setting, is defined as a linear estimator, has a closed-form and thus
can be easily computed and used as an estimator for x (as it is justified for a broad class of loss
functions). We assume a Gaussian process prior distribution for z, with mean function zy € X and
covariance operator €y : X — X. In the case where X and ) are finite-dimensional and (z, %) are
jointly Gaussian, the posterior mean of z is the linear estimator [zg + QoK *Var(y®) = (y° — Kxo)]
provided Var(y?) is invertible, where Var(y®) denotes the marginal covariance operator of y°.
Unfortunately, when the dimension of X and ) is infinite, the linear operator QoK *Var(y5)_1
is no longer defined on ) but only on a dense subspace of )} of measure zero and is typically
non-continuous (z.e. unbounded). This paper gives a sufficient condition that guarantees that
QoK*Var(y®)~" is continuous (and defined) on the whole ) and shows that this condition is in
general satisfied in many econometric models. Then, we derive the closed form for the posterior
mean of z that is implementable in practice and prove that it is a continuous and linear (thus
consistent) estimator defined on ). Under this condition, the prior-to-posterior transformation can
be interpreted as a regularization scheme so that no ad hoc regularization schemes are required as

e.g. in Florens and Simoni (2012b).

Our second contribution consists in the study of frequentist asymptotic properties of the
conjugate-Gaussian Bayesian estimation of equation (1). For that, we admit the existence of a

true x, say x., that generates the data. We establish that the posterior mean estimator and pos-



terior distribution have good frequentist asymptotic properties for § — 0. More precisely, we show
that the posterior distribution converges towards a Dirac mass at x, almost surely with respect to
the sampling distribution (frequentist posterior consistency, see e.g. Diaconis and Freedman (1986,
1998)). This property provides the frequentist validation of our Bayesian procedure.

We also recover the rate of contraction of the risk associated with the posterior mean and of
the posterior distribution. This rate depends on the smoothness and the scale of the prior as well
as on the smoothness of x,. Depending on the specification of the prior this rate may be minimaz
over a Sobolev ellipsoid. In particular, (i) when the regularity of the prior matches the regularity
of x,, the minimax rate of convergence is obtained with a fixed prior covariance; (ii) when the prior
is rougher or smoother at any degree than the truth, the minimax rate can still be obtained if the

prior is scaled at an appropriate rate depending on the unknown regularity of x,.

Our third contribution consists in proposing a new data-driven method for optimally selecting
the regularization parameter. This parameter enters the prior distribution as a scaling hyperpa-
rameter of the prior covariance and is needed to compute the posterior mean of z. Our adaptive
data-driven method is based on an empirical Bayes (EB) approach. Because the posterior mean
is, under our assumptions, equal to a Tikhonov-type estimator for problem (1), our EB approach
for selecting the regularization parameter is valid, and can be used, also for computing frequentist

I Finally, the EB-selected regularization parameter

estimators based on Tikhonov regularization.
is plugged into the prior distribution of x and for the corresponding EB-posterior distribution we

prove frequentist posterior consistency.

In the following, we present the Bayesian approach and the asymptotic results for general
models of the form (1); then, we develop further results that apply to the specific examples 1 and 2.
In section 2 we set the Bayesian model associated with (1) and the main assumptions. In section 3
the posterior distribution of = is computed and its frequentist asymptotic properties are analyzed.
Section 4 focuses on the mildly ill-posed case. The EB method is developed in section 5. Section

6 shows numerical implementations and section 7 concludes. All the proofs are in the Appendix.

2 The Model

Let X and Y be infinite dimensional separable Hilbert spaces over R with norm || - || induced
by the inner product < -,- >. Let B(X’) and B()) be the Borel o-fields generated by the open sets

of X and ), respectively. We consider the inverse problem of estimating the function x € X which

!Notice that in general the posterior mean in a conjugate-Gaussian problem stated in infinite-dimensional Hilbert
spaces cannot be equal to the Tikhonov solution of (1). This is due to the particular structure of the covariance
operator of the error term U® and it will be detailed in section 2.



is linked to the data y® through the linear relation
=Kz +U°, zeX, yYey, §>0 (4)

where 3 is an observable function and K : X — ) is a known, bounded, linear operator (we refer
to Carrasco et al. (2007) for definition of terminology from functional analysis). The elements 3/°
and U? are Hilbert space-valued random variables (H-r.v.), that is, for a complete probability space
(S,S,P), U’ (resp. y°) defines a measurable map U° : (S,S,P) — (V,B())), see e.g. Kuo (1975).
Realizations of y° are functional transformations of the observed data and U? is an error term. In
the following, we simply write U, instead of U?, in order to lighten the notation. The true value of
x that generates the data is denoted by x..

We assume a mean-zero Gaussian distribution on 8()) for U: U ~ N(0,0%) where § > 0 is
the noise level and ¥ : ) — ) is a covariance operator, that is, ¥ is such that < §X¢1, Py >=
E(<U,¢1 >< U, ¢y >) for all ¢1,¢2 € V. Therefore, ¥ is a one-to-one, linear, positive definite,
self-adjoint and trace-class operator. Because Y is one-to-one the support of U is all YV, see Kuo
(1975) and Ito (1970). A trace-class operator is a compact operator with eigenvalues that are
summable. This property rules out a covariance ¥ proportional to the identity operator I and this
is a key difference between our model and the model used in a large part of the statistical inverse
problem literature, see e.g. Cavalier and Tsybakov (2002), Bissantz et al. (2007) and Knapik
et al. (2011). The reason why we focus on a covariance ¥ different from I is that most of the
functional estimation problems in econometrics that writes as equation (4) does not allow for an

identity (or proportional to identity) covariance operator, see examples 1 and 2.

Remark 2.1. We stress that X # [ is not an assumption but a feature of the econometric models
we want to treat and many difficulties arise because X # I. One of the main contributions of our
paper is to deal with the important case where 3 is trace-class, i.e. ¥ # I. In addition, the identity
operator cannot be the covariance operator of a well-defined Gaussian process in a Hilbert space
because a Gaussian process with an identity covariance operator cannot generate trajectories that
are proper elements in infinite dimensional Hilbert spaces and is only defined in a weaker sense
as a weak distribution, see e.g. Kuo (1975). A weak distribution is a very complicated object
and, in general, real (functional) data cannot be generated by a Gaussian process with an identity
covariance operator. Thus, the model considered by Knapik et al. (2011) is not appropriate for

many econometric models of interest like the IV and the functional linear regression estimation. [J

Under model (4) with U ~ N(0,60Y), the sampling distribution P*, i.e. the conditional distri-

bution of 4 given z, is a Gaussian distribution on B()):

Ylr ~ P* = N(Kz,0%). (5)



The parameter § > 0 is assumed to converge to 0 when the information from the observed data

increases. Hereafter, E,(-) will denote the expectation taken with respect to P*.

Remark 2.2. The assumption of Gaussianity of the error term U in the econometric model (4)
is not necessary and only made in order to construct (and give a Bayesian interpretation to) the
estimator. The proofs of our results of frequency consistency do not rely on the normality of U.
In particular, asymptotic normality of y°|z, which is verified e.g. in example 1, is enough for
our estimation procedure and also for our EB data-driven method for choosing the regularization

parameter. [

Remark 2.3. All the results in the paper are given for the general case where K and X do not
depend on §. This choice is made in order to keep our presentation as simple as possible. We

discuss how our results apply to the case with unknown K and ¥ through examples 1 and 2. [J

2.1 Notation

We set up some notational convention used in the paper. We simply write U to denote the
error term U?%. For positive quantities M; and Ny depending on a discrete or continuous index 4,
we write My =< Ny to mean that the ratio My/Nj is bounded away from zero and infinity. We
write Ms = O(Nj) if My is at most of the same order as Ns. For an H-r.v. W we write W ~ N

for denoting that W is a Gaussian process. We denote by R(-) the range of an operator and

by D(-) its domain. For an operator B : X — ), R(B) denotes the closure in ) of the range
of B. For a bounded operator A : ) — X, we denote by A* its adjoint, i.e. A* : X — YV is
such that < Ay, >=< ¢, A*¢ >, V¢ € X, b € Y. The operator norm is defined as ||A|| :=
sup||y||=1/4¢|| = min{C > 0; [[Ag|| < C||¢|| for all ¢ € Y}. The operator I denotes the identity
operator on both spaces X and Y, i.e. Vi € X, p € YV, Ip =) and [ = .

Let {¢;}; denote an orthonormal basis of ). The trace of a bounded linear operator A : Y — X
is defined as tr(A) == 3772, < (A*A)%cpj, ¢; > independently of the basis {¢;};. If A is compact
then its trace writes ¢r(A) = Y22, A;, where {\;} are the singular values of A. The Hilbert-
Schmidt norm of a bounded linear operator A : J) — X is denoted by ||A||gs and defined as
||A|[3,4 = tr(A*A), see Kato (1995).

2.2 Prior measure and main assumptions

In this section we introduce the prior distribution and two sets of assumptions. (i) The first set
(Assumptions A.2 and B below) will be used for establishing the rate of contraction of the posterior
distribution and concerns the smoothness of the operator ©~%/2K and of the true value z,. (ii) The
assumptions in the second set (A.1 and A.3 below) are new in the literature and guarantee continuity

of the posterior mean of = as a linear operator on ). The detection of the latter assumptions is



an important contribution because, as remarked in Luschgy (1995) and Mandelbaum (1984),
in the Gaussian infinite-dimensional model the posterior mean is in general only defined as a mlt
which is a weaker notion than that one of a continuous linear operator. Therefore, in general the
posterior mean has not an explicit form and may be an inconsistent estimator in the frequentist
sense while our Assumptions A.1 and A.3 ensure closed-form (easy to compute) and consistency

for the posterior mean.

Assumption A.1. R(K) C D(X~1/?).

—1/2 is a differential operator and Assumption A.1

Since K and ¥ are integral operators, X
demands that the functions in R(K) are at least as smooth as the functions in R(XY2). A.1

ensures that X ~1/2 is defined on R(K) so that ©~/2K which is used in Assumption A.2, exists.

Assumption A.2. There exists an unbounded, self-adjoint, densely defined operator L in the
Hilbert space X for which 3n > 0 such that < L, > > n|[||?, Vi € D(L), and that satisfies

m||L™ || < ||£72 Kz < m||L ]| (6)

on X for some a >0 and 0 < m < < oco. Moreover, L™2% is trace-class for some s > a.

Assumption A.2 means that ¥~Y2K regularizes at least as much as L™ Because X~ V2K
must satisfy (6) it is necessarily an injective operator.

We turn now to the construction of the prior distribution of . Our proposal is to use the
operator L™2% to construct the prior covariance operator. We assume a Gaussian prior distribution
won B(X):

3:|oz,s~,u:/\/'<3:0,g§20>, o eX, Q:=L"2% s>a (7)

with a > 0 such that a — 0 as § — 0. The parameter « describes a class of prior distributions and
it may be viewed as an hyperparameter. Section 5 provides an EB approach for selecting it.

By definition of L, the operator Qg : X — X is linear, bounded, positive-definite, self-adjoint,
compact and trace-class. It results evident from Assumption A.2 that such a choice for the prior
covariance is aimed at linking the prior distribution to the sampling model. A similar idea was
proposed by Zellner (1986) for linear regression models for which he constructed a class of prior
called g-prior. Our prior (7) is an extension of the Zellner’s g-prior and we call it extended g-prior.

The distribution p (resp. P7¥) is realizable as a proper random element in X (resp. )) if
and only if Q (resp. X) is trace-class. Thus, neither ¥ nor €y can be proportional to I so that,
in general, in infinite-dimensional inverse problems, the posterior mean cannot be equal to the
Tikhonov regularized estimator 2T := (al + K*K)~'K*y°. However, we show in this paper that
under A.1, A.2 and A.3, the posterior mean equals the Tikhonov regularized solution in the Hilbert

Scale generated by L. We give later the definition of Hilbert Scale.



The following assumption ties further the prior to the sampling distribution by linking the
1
smoothing properties of X, K and €.

1
Assumption A.3. R(KQZ) Cc D(X7Y).

Hereafter, we denote B = X~ V2K Qé . Assumption A.3 guarantees that B and ©71/2B exist.

We now discuss the relationship between Assumption A.2, which quantifies the smoothness of
Y~ 1/2K . and Assumption B below, which quantifies the smoothness of the true value z,. In order
to explain these assumptions and their link we will: (i) introduce the definition of Hilbert scale, (ii)
explain the meaning of the parameter a in (6), (iii) discuss the smoothness conditions of X ~1/2K
and of the true value of x.

(i) The operator L in Assumption A.2 is a generating operator of the Hilbert scale (X})icr
where V¢ € R, A} is the completion of (),cg D(L*) with respect to the norm ||z, := ||L'z|| and is
a Hilbert space, see Definition 8.18 in Engl et al. (2000), Goldenshluger and Pereverzev (2003)
or Krein and Petunin (1966). For ¢ > 0 the space X; C X is the domain of definition of L':
X, = D(L'). Typical examples of X; are Sobolev spaces of various kinds.

(ii) We refer to the parameter a in A.2 as the “degree of ill-posedness” of the estimation
problem under study and a is determined by the rate of decreasing of the spectrum of ¥ ~Y2K
(and not only by that one of K as it would be in a classical inverse problems framework for (1)).
Since the spectrum of X~1/2K is decreasing slower than that one of K we have to control for less
ill-posedness than if we used the classical approach.

(iii) In inverse problems theory it is natural to impose conditions on the regularity of x, by
relating it to the regularity of the operator that characterizes the inverse problem (that is, the
operator ¥ /2K in our case). A possible implementation of this consists in introducing a Hilbert
Scale and expressing the regularity of both z, and ¥~Y2K with respect to this common Hilbert
Scale. This is the meaning of - and the link between - Assumptions A.2 and B where we use the
Hilbert Scale (X})ier generated by L. We refer to Chen and Reiss (2011) and Johannes et al.
(2011) for an explanation of the relationship between Hilbert Scale and regularity conditions. The

following assumption expresses the regularity of x, according to X;.

Assumption B. For some 0 < 8, (z, — x0) € Xjp, that is, there exists a p, € X such that
8
(2 —20) = L™Pps (= Q3 pu).

The parameter [ characterizes the “regularity” of the centered true function (x, — xg) and is
generally unknown. Assumption B is satisfied by regular functions z,. In principle, it could be
satisfied also by irregular x, if we were able to decompose x, in the sum of a regular part plus
an irregular part and to choose xg such that it takes all the irregularity of x,. This is clearly
infeasible in practice as z, is unknown. On the contrary, we could choose a very smooth function

xo so that Assumption B would be less demanding about the regularity of x,. When A3 is the

10



scale of Sobolev spaces, Assumption B is equivalent to assume that (z, — xo) has at least 3 square
integrable derivatives.

Assumption B is classical in inverse problems literature, see e.g. Chen and Reiss (2011) and
Nair et al. (2005), and is closely related to the so-called source condition which expresses the
regularity of x, according to the spectral representation of the operator K*K defining the inverse
problem, see Engl et al. (2000) and Carrasco et al. (2007). In our case, the regularity of (z, — zq)

is expressed according to the spectral representation of L.

Remark 2.4. Assumption A.2 covers not only the mildly ill-posed but also the severely ill-posed
case if (4, — xp) in Assumption B is infinitely smooth. In the mildly ill-posed case the singular
values of X71/2K decay slowly to zero (typically at a geometric rate) which means that the kernel
of ¥~Y2K is finitely smooth. In this case the operator L is generally some differential operator
so that L~! is finitely smooth. In the severely ill-posed case the singular values of ¥~ Y2K decay
very rapidly (typically at an exponential rate). Assumption A.2 covers also this case if (. — xg) is
very smooth. This is because when the singular values of ©~Y/2K decay exponentially, Assumption
A.2 is satisfied if L™! has an exponentially decreasing spectrum too. On the other hand, L~!
is used to describe the regularity of (z. — xg), so that in the severely ill-posed case, Assumption
B can be satisfied only if (z, — x¢) is infinitely smooth. In this case we could for instance take
L=(K>Y'K )_% which implies a = 1. We could make Assumption A.2 more general, as in Chen
and Reiss (2011), in order to cover the severely ill-posed case even when (z, — () is not infinitely
smooth. Since computations to find the rate would become more cumbersome (even if still possible)

we do not pursue this direction here. [

Remark 2.5. The specification of the prior covariance operator can be generalized as ng =
gQL_QSQ*, for some bounded operator () not necessarily compact. Then, the previous case is a
particular case of this one for () = I. In this setting, Assumptions A.1 and A.3 are replaced by the
weaker assumptions R(KQ) C D(X~?) and R(KQL™®) C D(X™ 1), respectively. In Assumption
A.2 the operator ¥~ 2K must be replaced by ¥71/2KQ and Assumption B becomes: there exists
px € X such that (z, — xg) = QL Pp,. O

Example 1 (Instrumental variable (IV) regression estimation (continued)). Let us consider the
integral equation (4), with y° and K defined as in (2), that characterizes the IV regression z.
Suppose to use the kernel smoothing approach to estimate fyw and fzw, where fyw denotes
the density of the distribution of (Y, W) with respect to the Lebesgue measure. For simplicity we
assume that (Z, W) is a bivariate random vector. Let Kz} and Ky, denote two univariate kernel
functions in L2[0,1], h be the bandwidth and (yi, wi, z)i~, be the n-observed random sample.
Denote A : L2[0,1] — L?[0, 1] the operator Ay = [ a(w,v)p(w)dw, with a(w,v) a known function,
and K : L2[0,1] — L?[0,1] the operator K¢ = %Z?:l w < ¢(z2), W >. Therefore,
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K = AK so that the quantities in (2) can be rewritten as
. . 1 <&
o _ _ . R
y = A [E(Y|W - w)fW] (U) - /a(wvv)nh ;_1 yzKW,h(wz w)dw

n
and Kz = /a(w, v)% ; W /x(z)%dzdw (8)
Remark that lim, o K¢ = fir(w)E(¢|w) = M;E(p|lw) where M; denotes the multiplication op-
erator by fi. If a = fiyz then Alim, . K is the same integral operator in Hall and Horowitz
(2005).
In this example, the assumption that U ~ N(0,0%) (where U = y° — Kx) holds asymptotically
and the transformation of the model through A is necessary in order to guarantee such a convergence
of U towards a zero-mean Gaussian process. We explain this fact by extending Ruymgaart (1998).

It is possible to show that the covariance operator X, of 4 Yoy (yi— <z, Bzh Elzi_z) >> Kw.n (,Lwi_w)

satisfies
<G, Tna > — < ¢, B¢ >, ash—0, VYr,ée € L20,1]

where S¢o = o2 fir(v)¢2(v) = 02Mppa(v) under the assumption E[(Y — z(Z))}|W] = 02 < o0.
Unfortunately, because 3 has not finite trace, it is incompatible with the covariance structure of a
Gaussian limiting probability measure. The result is even worst, since Ruymgaart (1998) shows

. _ — K i
that there are no scaling factors n=", for 0 < r < 1, such that n™" > ", <yi— <z, W >> X

Kw,n(wi—w)
h

generate at the zero function). However, if we choose a(w,v) appropriately so that A is a compact
operator and A*A has finite trace, then y/n (y‘S — Kx) = N(0, AEA*), in L2[0,1] as n — oo, where
‘=’ denotes weak convergence and AXA* =: ¥. The adjoint operator A* : L?[0,1] — L?[0,1] is

converges weakly in L?[0,1] to a Gaussian distribution (unless this distribution is de-

defined as: Vo € L?[0,1], A*¢ = [a(w,v)p(v)dv and A = A* if a(w,v) is symmetric in w and v.
The operator ¥ is unknown and can be estimated by 3= A% S WA*

We now discuss Assumptions A.1, A.2 and A.3. While A.1 and A.3 need to hold both in
finite sample and for n — oo, A.2 only has to hold for n — oco. We start by checking As-
sumption A.1. In large sample, the operator K converges to AMyE(¢|w) and it is trivial to
verify that D(X~1/2) = R(AMf%) D R(AMy) D R(AME(:|w)). In finite sample, the same holds
with My and E(-|w) replaced by their empirical counterparts. Next, we check the validity of As-
sumption A.2 for n — oo. Remark that the operator /2 may be equivalently defined in two
ways: (1) as a self-adjoint operator, that is ©!/2 = (S1/2)* = (AM;A*)!/2 so that ¥ = R1/2%1/2
or (2) as /2 = AM}/2 so that ¥ = XV2(21/2)* where (XV/2)* = Mf%A*. By using the sec-
ond definition, we obtain that ©~1/2K = (AMf%)_lAf( = fV_V%A_lAf( = fv;%f( and Vo € X,
[limy, 00 27V2Kz|| = [|E(2|w)||3,, where ||¢]|Z, := [[#(w)]? fw (w)dw. This shows that, in the
IV case, Assumption A.2 is a particular case of Assumptions 2.2 and 4.2 in Chen and Reiss (2011).

12



Finally, we check Assumption A.3 for both n — oo and finite sample. In finite sample this
assumption holds trivially since R() (= D(271)) and R(K Qé) have finite ranks. Suppose that
the conditions for the application of the Dominated Convergence Theorem hold, then Assumption
A.3 is satisfied asymptotically if and only if |[S7 A limy,_eo K Q%H2 < 0o. This holds if Qg is ap-
propriately chosen. One possibility could be to set Qg = T*A*AT, where T : L?[0,1] — L?[0,1] is
a trace-class integral operator T'¢ = [ w(w, z)¢(z)dz for a known function w and T™ is its adjoint.
Define Qé = T*A*. Then,?

~ 1 ~ ~ ~
7' lim KQZ|* = |[Z7'A lim KT*A*|]? < [|[27'A lim KT*A*||3g < tr(Z7A lim KT*A¥)
n—oo n—o0 n—oo n—oo
= tr(A*S7A lim KT%) = tr(B(T* - |w)) < tr(TH|[E(W)|| < co. O

n—oo

2.2.1 Covariance operators proportional to K

A particular situation often encountered in applications is the case where the sampling covari-
ance operator has the form ¥ = (K K*)", for some r € R, and is related to the classical example
of g-priors given in Zellner (1986). In this situation it is convenient to choose L = (K*K )_% SO
that Qo = (K*K)®, for s € R;. Because (K K*)" and (K*K)*® are proper covariance operators only
if they are trace-class then K is necessarily compact. Assumptions A.1 and A.2 hold for » < 1 and

a =1 — r, respectively. Assumption A.3 holds for s > 2r — 1.

Example 2 (Functional Linear Regression Estimation (continued)). Let us consider model (3) and
the associated integral equation E(£Z(t) fo s)Couv(Z(s), Z(t))ds, for t € [0,1]. If we dispose
of i.i.d. data (&1, 71),..., (&, Zy) the unknown moments in this equation can be estimated. Thus,
z is solution of (4) with y° := 13" &Zi(t), U = £37,¢,Z,(t) and Vo € L*([0,1]) — K¢ =
18 < Zi,p > Zi(t). The operator K : L*([0,1]) — L*([0,1]) is self-adjoint, i.e. K = K*.
Moreover, conditional on Z, the error term U is exactly a Gaussian process with covariance operator
0% = 672K with 6 = % which is trace-class since its range has finite dimension. Thus, we can write
0¥ = %72 (KK*)" with r = % Assumption A.1 is trivially satisfied in finite sample as well as for

n — oo. We discuss later on how to choose L in order to satisfy Assumptions A.2 and A.3. [J

2.2.2 Imposing shape restrictions through the Gaussian process prior

We briefly discuss how restrictions such as monotonicity, convexity, or more generally shape
restrictions can be incorporated into a Gaussian process prior, see Berger and Wang (2011) for more
details. First, to be sure that the realizations of a Gaussian process with mean Zy and covariance
operator )y have derivatives of all orders one should take as Z( an infinitely differentiable function

and as kernel of Qg a squared exponential covariance function, that is: @g(t,) = by exp{—bo(t—1)?},

2This is because for a compact operator A : L?[0,1] — L?[0,1] and by denoting |A| = (A*A)Y?, we have:
A < 1AllFs = Al [7rs < tr(JA]) = tr(A).
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by > 0, by > 0 where Qop = [ @o(t, t)p(f)dE, Yo € X.
Second, since differentiation is a linear operator, derivatives of a Gaussian process remain a

k)

Gaussian process. Thus, if z®) denotes the k-th derivative of z, then z(*®) is a Gaussian process

with mean ZE((]k) and covariance operator €, with kernel o (f,t) = %wo(f,t). Moreover, the
covariance operator between z and z(®) is denoted by Qg and has kernel ork(t,t) = %wo(f, t). To
incorporate the shape restrictions one should constrain the derivative z(*)(t) at a discrete set of
points t1,...,t, (dense enough to guarantee that the realizations of x will satisfy the constraint)
and then fix the prior j, for z, equal to the conditional distribution of z|{z®)(t;) ™., which is

Gaussian. That is, by abuse of notation: x|a,t ~ u = N(xg, Q) with

Tog = 530 + onﬁlzli{x(k) (tl) — Jjék) (ti)}?il, Q() = Q() — onngleo

where {z()(t;) — x(()k)(ti)}?ll denotes the m-vector with i-th element z(*)(¢;) — x(()k) (t;).

3 Main results

The posterior distribution of x, denoted by ,u};/, is the Bayesian solution of the inverse problem
(4). Because a separable Hilbert space is Polish, there exists a regular version of the posterior
distribution ,u};, that is, a conditional probability characterizing ,u};. In many applications X and
Y are L? spaces and L? spaces are Polish if they are defined on a separable metric space. In the
next theorem we characterize the joint distribution of (z, y° ) and the posterior distribution ,u}/ of

x. The notation B(X) ® B()) means the Borel o-field generated by the product topology.

Theorem 1. Consider two separable infinite dimensional Hilbert spaces X and ). Let x|, s and

Y|z be two Gaussian H-r.v. on X and Y as in (7) and (5), respectively. Then,

(i) (x,9°) is a measurable map from (S,S,P) to (X x Y, B(X) ® B(Y)) and has a Gaussian
distribution: (z,y%)|a,s ~ N ((zo, Kxo),T), where Y is a trace-class covariance operator
defined as Y(p,1) = (£Qop + SQoK* Y, SKQop + (6 + SKQuK*)) for all (¢,v) € X x
Y. The marginal sampling distribution of y°|o, s is Py ~ N (Kxg, (6% + %KQOK*)).

Moreover, let A :Y — X be a P,-measurable linear transformation (P,-mlt), that is, V¢ € ), A¢p
is a Py-almost sure limit, in the norm topology, of Apd as k — oo, where Ay : Y — X is a sequence

of continuous linear operators. Then,

(ii) the conditional distribution ,u};/ of © giwen v’ exists, is reqular and almost surely unique. It
is Gaussian with mean BE(x|y’, o, s) = A(y® — Kxg) + ¢ and trace-class covariance operator
Var(zy’, o, 8) = 2[Qy — AKQ] : X — X. Furthermore, A = QoK*(aX + KQoK*)™! on
R((6T + LKQuK*)2).
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(iii) Under Assumptions A.1 and A.3, the operator A characterizing M(};/ 18 a continuous linear

operator on Y and can be written as
1
A=QZ(al + B*B)"{(=7V2B)* .y » & (9)

1
with B =Y712KQZ.

Point (ii) in the theorem is an immediate application of the results of Mandelbaum (1984), we
refer to this paper for the proof and for a rigorous definition of P,-mlt. As stated above, the quantity
Ay is defined as a P,-mlt, which is a weaker notion than that of a linear and continuous operator
and A is in general not continuous. In fact, since Ay° is a P,-almost sure limit of Axy°, for k — oo,
the null set where this convergence is not satisfied depends on y° and we do not have an almost sure
convergence of A to A. Moreover, in general, A takes the form A = QoK *(aX+KQyK*)~! only on
a dense subspace of ) of P,-probability measure zero. Outside of this subspace, A is defined as the
unique extension of QoK*(aX + KQqK*)~! to Y for which we do not have an explicit expression.
This means that in general it is not possible to construct a feasible estimator for x.

On the contrary, point (4ii) of the theorem shows that, under A.1 and A.3, A is defined as a
continuous linear operator on the whole ). This is the first important contribution of our paper
since A.1 and A.3 permit to construct a linear estimator for x — equal to the posterior mean —
that is implementable in practice. Thus, our result (ii7) makes operational the Bayesian approach
for linear statistical inverse problems in econometrics. When Assumptions A.1 and A.3 do not
hold then we can use a quasi-Bayesian approach as proposed in Florens and Simoni (2012a,b).
Summarizing, under a quadratic loss function, the Bayes estimator for a functional parameter x

characterized by (4) is the posterior mean

1
Foa =02 (ol + B*B) Y27 Y2B)* (4’ — Kug), with B=X"12KQY2

Remark 3.1. Under our assumptions it is possible to show the existence of a close relationship
between Bayesian and frequentist approach to statistical inverse problems. In fact, the posterior
mean Z, is equal to the Tikhonov regularized solution in the Hilbert scale (Xs)scr generated by
L of the equation X ~1/2y% = %=V2K gz + 212U, The existence of ¥~/2K is guaranteed by A.1.
Since E(z|y°, a, s) = A(y® — Kxg) + o, we have, under A.1 and A.3:

E(z|y’,a,s) = Lol + L *K*S'KL™*) 'L K*S~ 1207 Y2(0 — Kag) + o
= (aL® +T*T)'T*(j° — Tag) + 9, where T =X"12K 50 =x7120

and it is equal to the minimizer, with respect to z, of the Tikhonov functional
15° = T|* + af |z — ol l3.
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The quantities ¥~/ 2% and >~Y27 have to be interpreted in the sense of weak distributions,
see Kuo (1975) and Bissantz et al. (2007). In the IV regression estimation (see Example 1 for the
. 1 . 1
notation), £y’ = E(Y|W)f3, Tx = E(z|W)f, and the posterior mean estimator writes

-1 N1t .o, T -1 .

Fo = <aL2S + K*JTK> K (E(Y - xoyW)> - (aL2S +E [E(.yW)\ZD E [E(Y —zolW)|Z].
W

For 29 = 0 this is, in the framework of Darolles et al. (2011) or Florens et al. (2011), the Tikhonov

estimator in the Hilbert scale generated by szL%' O

3.1 Asymptotic analysis

We analyze now frequentist asymptotic properties of the posterior distribution u}g/ of x. The
asymptotic analysis is for § — 0. Let P denote the sampling distribution (5) with z = x,, we
remind the definition of posterior consistency, see Diaconis and Freedman (1986) or Ghosh and
Ramamoorthi (2003):

Definition 1. The posterior distribution is consistent at x, with respect to P** if it weakly con-
verges towards the Dirac measure 0., at the point z., i.e. if, for every neighborhood U of x.,

u}g/(l/{]yé, a,s) — 1 in P™ -probability or P**-a.s. as § — 0.

Posterior consistency provides the basic frequentist validation of our Bayesian procedure be-
cause it ensures that with a sufficiently large amount of data, it is almost possible to recover the
truth accurately. Lack of consistency is extremely undesirable, and one should not use a Bayesian
procedure if the corresponding posterior distribution is inconsistent.

Our asymptotic analysis is organized as follows. First, we consider the posterior mean z,, as an
estimator for the solution of (4) and study the rate of convergence of the associated risk. Second,
we state posterior consistency and recover the rate of contraction of the posterior distribution. We
denote the risk (MISE) associated with Z, by E,, &

Ta — Z«||? where E,_ denotes the expectation

taken with respect to P%*. Let {\;} denote the eigenvalues of L™1, we define:

o0
v :=inf{¥ € (0,1] ; Z /\?z(a+s) < ool =inf{7 € (0,1] ; tr(L~+9)) < o0}, (10)
j=1
We point out that v is known since it depends on L. For instance, v = 2(a—1+S) means that either L~!

is trace-class but L~(~%) is not trace-class for every w € R or that tr (L_(H'“)) < o0, Vw e Ry

but L=! is not trace-class. Since under A.2 the operator L™2° is trace-class, the parameter ~

cannot be larger than —*-. Thus, if v = m this implies that s > % since 2([1—14_8)
S

than or equal to @) Remark that the smaller the 7 is and the smaller the eigenvalues of L1

must be less
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are. Furthermore, we denote by X3(I") the ellipsoid of the type
X)) ={peX; |lpll <T}, 0<T<oo (11)

where ||¢||s := ||L7¢||. Our asymptotic results will be valid uniformly on X3(I'). The following

theorem gives the asymptotic behavior of Z,.3

Theorem 2. Let us consider the observational model (4) with . being the true value of x that

generates the data. Under Assumptions A.1-A.3 and B, we have

. 9 B _a+y(ats)
sup E. ||Zo — 2| = O [ aats +0a~  ofs
(zx—z0)€XB(I')

with B = min(3,a + 2s).

The theorem provides an uniform rate over the ellipsoid X(I"). It follows from this result that
B

_a+ (a+s)
if (2, — x0) satisfies Assumption B then E,, ||, — z4||> = O <a ats 4 da et

The value a + 2s in the theorem plays the role of the qualification in a classical regularization
scheme, that is, a 4 2s is the maximum degree of regularity of z, that can be exploited in order to
improve the rate. It is equal to the qualification of a Tikhonov regularization in the Hilbert scale

(Xs)ser, see e.g. Engl et al. (2000) section 8.5.
The value of o that minimizes the rate given in Theorem 2 is: /™" := kdF+a+tr(ats) | for some
min (

constant £ > 0. When « is set equal to « i.e. the prior is scaling), then sup(,, _;)ex, (1) Ea. [[Zqmn —

B
> = 0 <5B+a+v(a+3>> and this rate is equal to the minimax rate §f+a+3 if B < a + 2s and

1

V= s (which is possible only if s > 2)%. In this case (o = a™")

, the prior is: (i) non-scaling
if s=08+ % (i.e. the regularity of the prior matches the regularity of the truth); (i) spreading
out if s > 8+ %; (i) shrinking if s < 5 + % This means that when s # 3 + % in order to achieve
the minimax rate of convergence the prior must either spread out to become rougher (case (ii)) or

shrink to become smoother (case (7).

When a # o™ the rate is slower than 6°***2 but we still have consistency provided that we

set a < € for 0 < e < % Remark that since tr(L72%) < oo under A.2 then v < 215 so that
a+s

a1 (ats) > 1. Thus, 1 is a possible value for ¢ which implies that consistency is always obtained

with a non-scaling prior even if the minimax rate is obtained only in particular cases.

The same discussion can be made concerning the rate of contraction of the posterior distribution

3The results of Theorems 2 and 3 hold more generally for the case where K and ¥ depend on &, i.e. they are
estimated. To not additionally burden the paper we do not provide these results for the general case but only for the
IV regression estimation, see Corollary 1 below.

“Remark that a vy smaller than m implies that ¢tr(L~") < tr(L'/9) < oo for some g > 1. This means that
L1 is very smooth and its spectrum is decreasing fast. Thus, if (z+« — x0) is not very smooth then Assumption B
will be satisfied only with a 8 very small. A small 8 will decrease the rate of convergence.
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which is given in the next theorem.

Theorem 3. Let the assumptions of Theorem 2 be satisfied. For any sequence Ms — oo the

posterior distribution satisfies
pi{z € X 1 ||z — .|| > esMs} — 0

_B _aty(ats) ~
in P™ -probability as § — 0, where g5 = <a2<a+s> 18207 2t ) and S = min(f3,a + 2s).

We refer to €5 as the rate of contraction of the posterior distribution. If the prior is fixed, that
BA(s—~y(ats))
is, a < ¢, then ¢ = § 20+ . If o is chosen such that the two terms in g5 are balanced, that

) } B B8 . .
is, a =< o™, then g5 = §2f+2a+2v(ats) . The minimax rate §28+2+1 is obtained when § < a + 2s,
v = 2(a—1+S) and we set o = o™, In this case, the prior is either fixed or scaling depending whether

s equates B + % or not.

3.2 Example 1: Instrumental variable (IV) regression estimation (continued)

In this section we explicit the rate of Theorem 2 for the IV regression estimation. Remark
1 . ! . - N
that B*B = Q¢ K*[o? fy| ' KQZ where fyr = 1577, M, K has been defined before
display (8) and K* : L?[0,1] — L2[0,1], is the adjoint operator of K that takes the form: K*¢ =
LS KZ’hﬁlz"_z) < o, Kw’h(;;”_w) >, V¢ € L?[0,1]. The Bayesian estimator of the IV regression
1 -
is 20 = Q2 (al + B*B)"1(X7Y2B)*(y® — AKxp). We assume that the true TV regression z, that

generates the data satisfies Assumption B. In order to determine the rate of the MISE associated

with Z, the proof of Theorem 2 must be slightly modified. This is because the covariance operator
of U and K in the inverse problem associated with the IV regression estimation depend on n.
Therefore, the rate of the MISE must incorporate the rate of convergence of these operators towards
their limits. The crucial issue in order to establish the rate of the MISE associated with Z,, is
the rate of convergence of B*B towards Qé ﬁ*;g}—WﬁQé where 8 = lim, 00 K = fiyE(:|W) and
R = limy, 00 K* = f7E(:|Z). This rate is specified by Assumption (HS) below and we refer to
Darolles et al. (2011, Appendix B) for a set of sufficient conditions that justify this assumption.

Assumption HS. There exists p > 2 such that:

1 1
(i)- E||B*B — Q3 & 70— 8O3 [|> = O (n~" + h*);

(i1). EHQO%('f'* —TH? = O (L +1*), where T* = E(|Z) and T* = E(-|2).

To get rid of o2 it is sufficient to specify Qg as Qyo? so that B*B does not depend on o
anymore and we do not need to estimate it to get the estimate of . The next corollary to Theorem

2 gives the rate of the MISE of &, under this assumption.
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Corollary 1. Let us consider the observational model y° = Kz, + U, with y® and K defined as in
(8) and x, being the true value of x. Under Assumptions A.1-A.3, B and HS:

B _at~y(a+s) 1
sup Emnfa—x*n%o((w+n—1a i) )(1+a—2 (Hwﬂp))

(zx—20)€X(T)
1 1
-2 [ = 2p - 2p
+a <n+h ><nh+h >>

with 8 = min(f3, a + 2s).

In this example we have to set two tuning parameters: the bandwidth A and «. We can
. ___ats
set h such that h%° goes to 0 at least as fast as n~! and o = o™ « n Atatr@ts). With this

1 1 1. 1
choice, the rate of convergence of B*B towards (23 ﬁ*fiWﬁQOQ and of Q3 7™ towards €25 7" will not
affect the rate in the MISE (that is, the rate will be the same as the rate given in Theorem 2) if
3 _ B+aty(ats)
B >2s+a—2y(a+s)and p > Fror(ats) 25 |
a = n~1 the condition [a?n]~! = O(1) is not satisfied. The rate of Corollary 1, with a = o™ and

h = O(n~'/(P) is minimax when a + 2s > 3 > a 4 2s — s and v = 2(a1+8).

. We remark that when the prior is not scaling, i.e.

4 Operators with geometric spectra

We analyze now the important case where the inverse problem (4) is mildly ill-posed. We
denote with A;x the singular values of K and with A\;»; and A;z the eigenvalues of X and Lt
respectively. Assumption C states that the operators ©~%/2 and KK* (resp. K*¥7'K and L1

are diagonalizable in the same eigenbasis and have polynomially decreasing spectra.

Assumption C. The operator ©~V/2 (resp. K*S7'K) has the same eigenfunctions {¢;} as KK*
(resp. {j} as L™'). Moreover, the eigenvalues of KK*, ¥ and L™ satisfy

aj 20 <N <T@, TO< e <0 and LT < N <l j=1.2,

with ag > 0,¢0 > 1 and a,@, ¢, 1,1 > 0.

This assumption implies that K K* and K*K are strictly positive definite. In this section we
provide the exact rate attained by I in the setting described by Assumption C.
Assumption C is standard in statistical inverse problems literature (see e.g. Assumption A.3

in Hall and Horowitz (2005) or Assumption B3 in Cavalier and Tsybakov (2002)) and, by using

the notation defined in section 2.1, it may be rewritten as A\jx < j7%, A\jx < 77 and \;p < 5L

Under Assumption C we may write X3(I') as Ap(I) = {p € X'; >, j% < p,9; >2< T'} and

the parameter v is equal to m The following proposition provides necessary and sufficient

conditions for the validity of A.1, A.2 and A.3 when C is satisfied.
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Proposition 1. Under Assumption C: (i) A.1 is satisfied if and only if ag > 5 ; (i) A.2 is satisfied
if and only if a = ag — 5+ > 0 and s > %; (iii) A.3 is satisfied if and only if ag > ¢y — s.

The following proposition gives the minimax rate attained by Z, under Assumption C.
Proposition 2. Let B, C hold, a =ag — 3 >0, s > % and ag > ¢y — s. Then we have

B _ 2a+1_
o — 2a||? X T + 6o Hats) (12)

sup E,.
(@x—z0)EX(I)

with 8 = min(B3,2(a + s)). Moreover, (i) for a <& (fized prior),

[5’/\(57%)
sup Ex*H:ia—x*W =0 ats
(w4 —20)€X(T)

_a+s
(ii) for a < 6722 (optimal rate of a),

A 3 1
sup E., ||Zq — z4||? < §Ftetz

(z—20)€X3(T)

8
The minimax rate of convergence over a Sobolev ellipsoid X3(I") is of the order 67+ 2. By the

results of the proposition, the uniform rate of the MISE associated with %, is minimax if: either
the parameter s of the prior is chosen such that s = 8 + 5 and the prior is fixed (case (i) or if
B < 2(a+ s) and the prior is scaling at the optimal rate (case (ii), i.e. a =< 5(‘”'3)/(64"”'%)). In all
the other cases the rate is slower than the minimax rate but consistency is still verified provided
that o < 6 for 0 < e < ﬁ Remark that since s > % then a fixed prior (e = 1) always guarantees
consistency (even if the rate is not always minimax).

This result, similar to that one in Theorem 2, means that when the prior is “correctly specified”
(“correct” in the sense that the regularity s — % of the trajectories generated by the prior is the
same as the regularity of x,) we obtain a minimax rate without scaling the prior covariance. On
the other hand, if s < § + %, i.e. the prior is “undersmoothing”, the minimax rate can still be
achieved as soon as 3 < 2(a + s) and the prior is shrinking at the optimal rate. When the prior is
“oversmoothing”, i.e. s > [+ %, the minimax rate can be achieved if the prior distribution spreads

out at the optimal « (the prior has to be more and more dispersed in order to become rougher).

In many cases it is reasonable to assume that the functional parameter z, has generalized
Fourier coefficients (in the basis made of the eigenfunctions {1;} of L™%) that are geometrically
decreasing, see e.g. Assumption A.3 in Hall and Horowitz (2005) and Theorem 4.1 in Van Rooij
and Ruymgaart (1999). Thus, we may consider the following assumption instead of Assumption
B.
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Assumption B’. For some by > % and {;} defined in Assumption C, < (z. — x0),; >=< j~%.

Assumption B’ is often encountered in statistical inverse problems literature. Assumption B is
more general than Assumption B’ since it allows to consider the important case of exponentially
declining Fourier coefficients < (x, — ),1; >. We use Assumption B’ to show sharp adaptiveness
for our Empirical Bayes procedure. If B’ holds then dI' < oo such that Assumption B holds for
some 0 < 3 < by — % The following result gives the rate of the MISE when Assumption B’ holds.

Proposition 3. Let B’, C hold with a = ag — % >0, s > % and ag > ¢y — s. Then,

2bg—1 2bp—1

_ _2a+1 _ _2a+1
2@t ¢ +da” 209 ¢y (f) < By, ||da —z4||? < 21(bg > (2a+25)) +a2@T) & +da 2ats) &y () (13)

where c1, C1, ¢2, ¢2 and t are positive constants and I(A) denotes the indicator function of an event
a+s

A. Moreover, for a =< §%+ = av, and by = min(by, 2a + 2s + 1/2),

2{3971
Ep, |[Za, — z.]|? =< 6260t (14)

2bp—1

_ _2a+1
When by < 2a+2s+1/2 the rate of the lower bound a2(+) 4+ da 2a+%) given in (13) provides,

up to a constant, a lower and an upper bound for the rate of the estimator Z, and so it is optimal.
2bg—1

a+s
Thus, the minimax-optimal rate 62®0+) is obtained when we set a < d%ote if: either s = by (fixed

prior with o < §), or s < by < 2a + 2s + 1/2 (shrinking prior), or s > by (spreading out prior).

When s < by (resp. s > by) the trajectories generated by the prior are rougher (resp. smoother)

than z, and so the support of the prior must be shrunk (resp. spread out). When § = n~! the rate
(2bg—1)

n 2®ota) is shown to be minimax in Hall and Horowitz (2007).

Moreover, if we set 8 = sup {B > 0; (xx — x0) satisfies B’ and Zj j25 < (@4 — o), 1h; >2< oo}
2bg—1
then 8 = by — % and the rate 2o+ is uniform in x, over X3(I') and equal to the optimal rate of

proposition 2.
In the following theorem we give the rate of contraction of the posterior distribution under

Assumption C.

Theorem 4. Let the assumptions of Proposition 3 be satisfied. For any sequence Ms — oo the

posterior probability satisfies

pi{z € X 1 ||z — .|| > esMs} — 0

2bg—1 1 _ _2a+1 ~
in P% -probability as 6 — 0, where g5 = | atlts) + 52 4<a+3>>, a >0, a = 0 and by =

min(S,2(a + s) + 1/2). Moreover, (i) for a < § (fixed prior):

2(bgNs)—1
66 = 5 4(a+s)
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ats
and (i) for o< dvo+e (optimal rate of a):

2bg—1
g5 = 64(b0+‘1) .

2bg—1 ats
The rate of contraction €5 is equal to the minimax rate §*®ot) if by < 2(a+s)+1/2 and a < Jbote.
Depending on the relation between s and by the corresponding prior p is shrinking, spreading out

or fixed, see comments after proposition 3.

4.1 Example 2: Functional Linear Regression Estimation (continued)

We develop a little further Example 2. Here, the covariance operator Y is proportional to
K (as shown in section 2.2.1): §% = %K The operator K : L?([0,1]) — L?([0,1]), defined as
Vo € L2([0,1)]), K¢ := %ZZ < Zi,p > Z;i(t), is self-adjoint, i.e. K = K*, and depends on n. It
converges to the operator K, defined as Vo € L2([0,1]), K¢ = fol w(s)Cov(Z(s), Z(t))ds, which is
trace-class since E||Z;]|?> < co. Choose L = K !, and suppose that the spectrum of K declines at
the rate 57, ag > 0, as in Assumption C (for instance, K could be the covariance operator of a
Brownian motion). Then, j7% = j7%, ag > 1 and ag = cg. Moreover, we set Qg = K%, for some
5> ﬁ (so that lim, o Qo = K 2“5), and assume that x, satisfies Assumption B’. The posterior
mean estimator takes the form: 2, = K*(al + K1)~ K3(y® — Kx¢) + x0, for which the following

lemma holds.

Lemma 1. Let K : L*([0,1]) — L%([0,1]) have eigenvalues {\jrc} that satisfy aj~™ < \jgx <

@j=%, for a,@ > 0 and ag > 0. Assume that E||Z;||* < co. Then, under Assumption B’ with
_ag(25+1)
bp > max {ag,aps}, § > ﬁ and if o X a, =n 2ot | we have

2bg—1

_2 - 1
E,. [T, — > = O(n 2"0+“0), where by = min (bo,ao + 2a¢5 + §> )

The assumptions and the rate for bo = bp in the lemma are the same as in Hall and Horowitz
(2007).

5 Adaptive selection of a: an Empirical Bayes (EB) approach

As shown by Theorem 1 (4ii) and Remark 3.1, the parameter « of the prior plays the role of
a reqularization parameter and {Z,}a>0 defines a class of estimators for x, which are equal to a
Tikhonov-type frequentist estimator. We have shown that for « decreasing at a convenient rate,
this estimator converges at the minimax rate. However, this rate and the corresponding value for

« are unknown in practice since they depend on the regularity of z, which is unknown. Thus, it is
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very important to have an adaptive data-driven method for selecting « since a suitable value for «
is crucial for the implementation of the estimation procedure. We say that a data-driven method
selects a “suitable value” & for « if the posterior distribution of z computed by using this & still
satisfies consistency in a frequentist sense at an (almost) minimax rate.

We propose in sections 5.1 and 5.2 a data-driven method based on an EB procedure for se-
lecting &. This procedure can be easily implemented for general operators K, ¥ and L satisfying

Assumptions A.1 and A.3.

5.1 Characterization of the likelihood

The marginal distribution of y°|a, s, which was given in Theorem 1 (i), is
5 0 .
Pla,s ~ Pa,  Po=N|( Ko, 6% + LKQK (15)
a

and is obtained by marginalizing P* with respect to the prior distribution of x. The following
theorem, which is an application of Theorem 3.3 in Kuo (1975), characterizes a probability measure

Py which is equivalent to P, for every a > 0 and the likelihood of P, with respect to Fp.

Theorem 5. Let Py be a Gaussian measure with mean Kxy and covariance operator 6%, that is,
Py = N (Kxg,0%). Under Assumptions A.1 and A.3, the Gaussian measure P, defined in (15) is

equivalent to Py. Moreover, the Radon-Nikodym derivative is given by
A2

dP, TS
P {zj} H )\24-@ 205+ (16)

where {¢;, /\5} are the eigenfunctions and eigenvalues of BB*, respectively.

S _ Koo N—1/24,. _
=y — Rz, £iZ and $1/2

In our setting: z; = 7 ; is defined under Assumption A.3.

5.2 Adaptive EB procedure

Let v denote a prior distribution for « such that dl%(:(a) = vy~ + 1y for two constants

vy > 0, 9 < 0. An EB procedure consists in plugging in the prior distribution of x|a, s a value for
a selected from the data y°. We define the marginal mazimum a posteriori estimator & of a to be

the maximizer of the marginal log-posterior of a|y°, s which is proportional to log [dP o V(a)]

& = argmaxg(a,y‘;) (17)
Sta) = tou (2 (s b)) (18)

1 «a )\? <y5—Kw0,Z_1/2cpj >2
= 5;{log(a+)\§)+a+)\? 5 ]—Flogu(a).
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In an equivalent way, & is defined as the solution of the first order condition %5’ (v, y5) =0. We

denote Sys(a) := %g(a,y‘s) where

> X A2 < —Kx,2_1/2 >2\ dl
( Z ! o) + B d S,(a) = 0.

ala + )\2 §(a + A%)2 do
j=1 j=1 J

(19)

Our strategy will then be to plug the value &, found in this way, back into the prior of z|«, s and

then compute the posterior distribution l‘}{a and the posterior mean estimator 4 using this value

of a. We refer to &4 as the EB-estimator and to u}{d as the EB-posterior. Examples of suitable

priors for « are: either a gamma distribution or a beta distribution on (0, 1).

5.3 Posterior consistency for the EB-posterior (mildly ill-posed case)

In this section we study existence of & and the rate at which & decreases to 0 and show posterior
consistency of ,u}{&.‘r’ When the true z, is not too smooth, with respect to the degree of ill-posedness
of the problem and the smoothness of the prior, then & is of the same order as o, (=0 ”%%) with
probability that approaches 1 as § — 0. Moreover, we state that the EB-posterior distribution u}{&
concentrates around the true z, in probability. In the next theorem, let I(.A) denote the indicator

function of an event A

Theorem 6. Let B’ and C hold with a = ag — 2 > 0, s > = and ag > co — S. Let v be a prior

dl%;(a) = vt + 1 for two constants v1 > 0, vo < 0. Then, with

distribution for o such that
a+s

probability approaching 1, a solution & to the equation Sya(oz) = 0 ewists and is of order: & =< Jtotati

for i) =nl(by—a—2s—1/2 > 0) and any (bo+a) > n > max{(bg—s—1/2),0, (bg —2s —a—1/2)1}.

Moreover, for any sequence Mg — oo the EB-posterior distribution satisfies

,u}{a{xeX: llz — .|| > esMs} — 0 (20)

_1
in P+ -probability as § — 0 where es = 5W and by = min(bg, 2(a + s) + 1/2).

The consistency of the EB-estimator &4 follows from posterior consistency of ,u?{d. The theorem
says that the posterior contraction rate of the EB-posterior distribution is equal to the minimax
rate ¢§ % when by < a+ 2s+ 1/2 which is satisfied, for instance, when the prior is very smooth.
In all the other cases the rate is slower. In order to have a contraction rate equal to the minimax
rate when by > a + 2s + 1/2 we should specify the prior v on « depending on by and a in some
convenient way. However, this prior would be unfeasible in practice since by is never known. For

this reason we do not pursue this analysis since it would have an interest only from a theoretical

S5For simplicity of exposition we limit this analysis to the case where K, ¥ and L have geometric spectra (mildly
ill-posed case, see section 4). It is possible to extend the result of Theorem 6 to the general case at the price of
complicate much more the proof and the notation. For this reason we do not show the general result here.
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point of view while the main motivation for this section is the practical implementation of our

estimator.

Remark 5.1. While this theorem is stated and proved for a Gaussian error term U, this result
holds also for the more general case where U is only asymptotically Gaussian. In appendix D we
give some hints about how the proof should be modified in this case. Therefore, our EB-approach

works also in the case where U is only approximately Gaussian.

Remark 5.2. Alternative ways to choose regularization parameters for inverse problems have
been proposed in mathematics, statistics and econometrics. Most of these methods work under
assumptions that are not suitable for econometrics applications. Many of these methods focus on
series estimators while very little is known about adaptive procedures in Tikhonov estimation. Our
methods contributes to the latter. For adaptive procedures for series estimators in the nonparamet-
ric IV framework see e.g. Loubes and Marteau (2013), Horowitz (2013) and references therein.

Assumptions and settings of these adaptive procedures differ significantly from ours.

6 Numerical Implementation

6.1 Instrumental variable regression estimation

This section shows the implementation of our proposed estimation method for the IV regres-
sion example 1 and its finite sample properties. We simulate n = 1000 observations from the

following model, which involves only one endogenous covariate Z and two instrumental variables

W = (W, W),

W1 0 1 03

W, = Li) oA ,
Wa; 0 0.3 1
v; ~ N(0,02),  Zi=0.1w;1 +0.1w; 2 +v;
e~ N(0,(04)%), =050 +e
Y = x.(Z;) + i

for i = 1,...,n. Endogeneity is caused by correlation between 7; and the error term v; affecting

the covariates. The true z, is the parabola z,(Z) = Z2%. In all the simulations we have fixed
o, = 0.27. We do not transform the data to the interval [0,1] and the spaces of reference are
X =Y = L*(Z), where L?(Z) denotes the space of square integrable functions of Z with respect to
its marginal distribution. Moreover, the function a(w,v) is chosen such that K : L?(Z) — L?(Z) is
the (estimated) double conditional expectation operator, that is, Vo € L2(Z), K¢ = E(E(¢|W)|Z)
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and the functional observation y° takes the form y°(Z) := E(E(Y|W)|Z). Here, E denotes the
estimated expectation that we compute through a Gaussian kernel smoothing estimator of the
joint density of (Y, Z,W). The bandwidth for Z has been set equal to 4/ @(Z )n~=1/5 and in a
similar way the bandwidths for Y and W.

The sampling covariance operator is L¢ = o?E(E(¢|W)|Z), Vo € L?*(Z), under the assumption
E[(Y — 2.(2))?[W] = ¢?, and it has been replaced by its empirical counterpart. Following the
discussion in section 2.2.1 we specify the prior covariance operator as o = woo?K* for s > 1 and
wo a fixed parameter. In this way the conditional variance o2 in ¥ and Qg simplifies and does not
need to be estimated.

We have performed simulations for two specifications of xg, wy and s (where xy denotes the
prior mean function): Figure 1 refers to z(Z) = 0.95Z2% + 0.25, wp = 1 and s = 2 while Figure 2
refers to zo(Z) = 0, wop = 2 and s = 15. We have first performed simulations for a fixed value of
a (we have fixed a = 0.9 to obtain Figures la-1b and 2a-2b) and in a second simulation we have
used the a selected through our EB method.

Graphs la and 2a represent: the n observed Y’s (magenta asterisks), the corresponding y°
(dotted blue line) obtained from the observed sample of (Y, Z, W), the true z, (black solid line),
the nonparametric estimation of the regression function E(Y|Z) (yellow dashed line), and our
posterior mean estimator Z,, (dotted-dashed red line). We show the estimator of E(Y|Z) with the
purpose of making clear the bias due to endogeneity. Graphs 1b and 2b represent: the prior mean
function zy (magenta dashed line), the observed function ° (dotted blue line) obtained from the
observed sample of (Y, Z, W), the true z, (black solid line), and our posterior mean estimator Z,,
(dotted-dashed red line).

Graphs 1c and 2c draw the log-posterior log [%V(a)] against a and show the value of the
maximum a posteriori & We have specified an exponential prior for a: v(a) = 11e 1% Va > 0.
Finally, graphs 1d and 2d represent our EB-posterior mean estimator Z4 (dotted-dashed red line)
— obtained by using the & selected with the EB-procedure — together with the prior mean function
ro (magenta dashed line), the observed function 4° (dotted blue line) and the true z, (black solid

line).

6.2 Geometric Spectrum case

In this simulation we assume X = ) = L?(R) with respect to the measure e™"*/2 g0 that the
operator K is self-adjoint. We use the Hermite polynomials as common eigenbasis for the operators

K, ¥ and L. The Hermite polynomials {H,};>0 form an orthogonal basis of L?(R) with respect

—4*/2 The first few Hermite polynomials are {1,u, (u? — 1), (u® — 3u),...} and

—u?/2.

to the measure e
an important property of these polynomials is that they are orthogonal with respect to e
Jz Hl(u)Hj(u)e_UQ/zdu = /n(n!)d;j, where dj; is equal to 1 if I = j and 0 otherwise. Moreover,
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Data and Posterior mean estimator of IV Regression

250 * observedy
— {TUE CUIVE X,
2r * : : *
Nonparametric Regression .
5
b ¥°=E, (E, (yIW)[2) *
15F o+ * nh _ *
* Posterior Mean Estimator |

15

(a) Data and posterior mean estimator for o =
0.9

log—posterior of a
051

|
o
&l

log—posterior of a
|
N

- L L L L ,
0 0.05 0.1 0.15 0.2 0.25 03 0.35

(¢) a choice, & = amap

Figure 1: Posterior mean estimator for smooth .. Graph for: x¢(Z) = 0.9522 + 0.25, wg = 1,

s = 2.

Posterior mean estimator of IV Regression
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(b) Posterior mean estimator for o = 0.9
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(d) Posterior mean estimator for oz = 0.0450
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Figure 2: Posterior mean estimator for smooth x.. Graph for: z¢(Z) =0, wg = 2, s = 15.
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they satisfy the recursion Hjq(u) = uH;(u) — jH;_1(u) which is used in our simulation. We fix:

d=1/n,a9 =1, cg = 1.2 and s = 1, thus the simulation design is:

o0

j0
Y. = 1 —— < H;,->H,;
Z Vor(nt) !
7=0
[e8) j_ao
K. = — < Hj;,-> Hj
Z_: Vor(nl) !
7=0
> -—2s
J
Q = w —— < Hj;,-> Hj
0; V2m(n!) ! !

y‘s = Kx,+U

with z,(u) = u? and U = %N(O, ¥). Moreover, we fix: 7 = 10 and wy = 5. The inner product
is approximated by discretizing the integral fR Hj(u) - e~*/2qy, with 1000 discretization points
uniformly generated between —3 and 3. The infinite sums are truncated at j = 200.

We have first performed simulations for a fixed value of a (we have fixed @ = 0.9 to obtain
Figure 3a) and in a second simulation we have used the « selected through our EB method.

Graph 3a represents: the prior mean function xy (magenta dashed line), the observed function
y? (dotted blue line), the true z, (black solid line), and our posterior mean estimator #, (dotted-
dashed red line).

Graph 3b draws the log-posterior log [%V(a)] against « and shows the value of the maximum
a posteriori &. We have specified a Gamma prior for a: v(a) < alle™10% Vo > 0. Finally, graph 3c
represents our EB-posterior mean estimator Z4 (dotted-dashed red line) — obtained by using the &

selected with the EB-procedure — together with the prior mean function xy (magenta dashed line),

the observed function 39 (dotted blue line) and the true z, (black solid line).

7 Conclusion

This paper develops a Bayesian approach for nonparametric estimation of parameters in econo-
metric models that are characterized as the solution of an inverse problem. We consider a conjugate-
Gaussian setting where the “likelihood” is only required to be asymptotically Gaussian. For “like-
lihood” we mean the sampling distribution of a functional transformation of an n-sample.

We first propose the posterior mean as a point estimator and give sufficient conditions that
allow us to show that: (i) it has a closed-form, (ii) it is easy to implement in practice, (iii) it has
a pure Bayesian interpretation and (iv) it is consistent in a frequentist sense. Then, we contribute
to the literature on inverse problems by proposing an adaptive data-driven method to select the
regularization parameter which enters our point estimator. Our data-driven method is based on an

FEmpirical Bayes approach.
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We prove that the posterior mean estimator is, under certain conditions, equal to the Tikhonov
estimator which has been largely used in (frequentist) nonparametric estimation based on inverse
problems. Because of this equality, our EB data-driven method for selecting the regularization
parameter is valid even for the frequentist Tikhonov estimator. Thus, our approach makes an

important contribution to the theory of inverse problems in econometrics in general.

Appendix

In all the proofs we use the notation (A;,;,1,); to denote the singular value decomposition of B (or
equivalently of B*), that is, By; = \j¢; and B*p; = A;¢; where ; and 1¢; are of norm 1, Vj. We also
use the notation I(A) to denote the indicator function of an event A and the notation =¢ to mean “equal in
distribution”. In order to prove several results we make use of Corollary 8.22 in Engl et al. (2000). We give
here a simplified version of it adapted to our framework and we refer to Engl et al. (2000) for the proof of
it.

Corollary 2. Let (X;), t € R be a Hilbert scale generated by L and let YL12K X — Y be a bounded
operator satisfying Assumption A.2, Yo € X and for some a > 0. Then, for B =%"Y2KL™° s> 0 and
vl <1

cW|IL7 || < ||(B*B)2al| < ew)||L~" " | (21)
holds on D((B*B)z) with c(v) = min(m”,m") and ¢(v) = max(m”,m"). Moreover, R((B*B)z) =
Xy(ars) = D(L(9)), where (B*B)% has to be replaced by its extension to X if v < 0.

A Proofs for Section 3

A.1 Proof of Theorem 1

(i) See the proof of Theorem 1 (i) and (ii) in Florens and Simoni (2012b).

(i) See Theorem 2 and Corollary 2 in Mandelbaum (1984) and their proofs in sections 3.4 and 3.5, page
392.

(iii) The P,-mlt A is defined as A := QoK*(aX+ KQK*)™! on R((§8+ gKQOK*)%), see Luschgy (1995).
Under A.3, the operator QoK *(aX + KQoK*)~! can equivalently be rewritten as

02K V2 (ol + £ V2KQ K S~ 1n"12 = 02 B (al + BB*) "'~/
= QF(al + B*B)"Y(S"Y2B)* + Q2 [B*(al + BB*)"! — (al + B*B) ' B*|x~1/2
= QF(al + B*B)"L(="/2B)* (22)

since [B*(al + BB*)™! — (al + B*B)~!B*] is equal to

(al + B*B)'[(al + B*B)B* — B*(al + BB*)|(al + BB*)™*
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which is zero. By using expression (22) for QoK*(aX + KQoK*)~! we show that QoK*(aX + KQoK*)~!
is bounded and continuous on ). By Assumption A.3 the operators B and X~/2B exist and are bounded.
Under A.1 the operator B is compact because it is the product of a compact and a bounded operator. This
implies that B*B : X — X is compact. Because < (al + B*B)¢, ¢ > > al|¢||?, V¢ € X we conclude that
(ol + B*B) is injective for aw > 0. Then, from the Riesz Theorem 3.4 in Kress (1999) it follows that the
inverse (al + B*B)~! is bounded.

Finally, since the product of bounded linear operators is bounded, QoK *(a¥ + KQgK*)~! is bounded,
i.e. there exists a constant C such that for all ¢ € V: [|[QoK*(aX + KQoK*) || < CJl¢||. Since
A= QoK*(aX + KQoK*)~! is linear and bounded on Y, it is continuous on ).

A.2 Proof of Theorem 2
The difference (2, — 2.) is re-written as
o — @ = —(I — AK) (s — x0) + AU :=C1 + Ca,

where the expression of 4 is given in (9). We consider the MISE associated with #,: E,, ||#0—24||* = ||Cl |2+

E..||C2||* and we start by considering the first term. Our proof follows Natterer (1984). Since 0
and x = (al + B*B)~ ILS(I* — x0)

we can use the left part of inequality (21) in Corollary 2 with v =
to obtain (23) below:

s
a-+s

P = [II - 93 (I + B*B)™(£/2B)"K](z. — x0)|?
[l = L™%(al + B*B) Y (XY2B)*K|L™°L* (2. — x0)||?
||L - <a1+B*B)*@*/QB)*KL*S]LS@*—xo>||2
o?¢™? (== )||(BB)* (al + B'B) ™ L* (2. — a0)|* (23)

IN

_l’_
= @2 ()BT (al + BUB)TN(B'B) 0 (B B) T L (w. — o)
a S
= % (25 IB" By (o + B B) (24)

where 3 = min(8, a + 2s) and w := (B*B) 2at o L*(xz. — x9). Now, by using the right part of inequality (21)

in Corollary 2 with v = Z;’f (remark that |v| <1 is verified) and = L*(x. — x¢) we have that
s — 3 B—sTs
ap < 2(320) s L - )|
(22 —20)€X3(T) A+ 8/ (2.—z0)€Xs(T)
s—f
= o(35)  sw i@ —wo)l
@+ 5/ (o.—z0)exs(T) ’
< 5(5—5) sup |[(@. = z0)|[]|L7 7|
@+ 8/ (2.-20)€X5(I)
= (2= )rtyLior) (25)
a-+s
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where in the penultimate line the equality holds for 3 = 3. Remark that ||L/§_ﬂ|| =1if = B and is
bounded if 8 < 8. Finally,

28
~ o0 a+s
5 :
sup |[(B*B)*@ 9 (ol + B*B) 'w|*> = sup J < w,1h; >2
(20 —20)€X5 (I) (2. —)exs(r) S (@ + AF)? !
5
< (st el (26)
< | sup ) sup w
2,20 (@ +A3) ) (4. —ag)exs(D)

and combining (24)-(26) with the fact that (supyso A% (a + A2)71)2 = o2~ D2 (1 — 4)20-0) for 0 < b < 1

(and in our case b = ﬁ), we get the result
swp 6P < av i1 — b0V ()@ (D) B s pr = 0 (0P
(T« —m0)EX(T) a+s a+s

Next, we address the second term of the MISE. To obtain (27) below, we use the left part of inequality
(21) in Corollary 2 with v = =~ and = = (ol + B*B)" (X~ '/2B)*U:

a-+s
1
E. |ICol|> = E..||AU|]> = E, ||9F (ol + B*B) ' (S7'/2B)*U||?
= E,.||L™%(al +B*B)"}x"Y?B)*U|)?
< (2 )Ba (BB (al + B*B) ! (271/2B) U (27)
a S
= 6= )r((B'B)™% (ol + B*B)™ B B(al + B'B)™\(B"B)™ )
a S
S M“%S)Hi’y e
< 5 —2 Iy B*B Yaly. .
= o (a—l—s) sgp (a+X2) ;<( )75, 05 >
< 52—2 (a j— S>a2(d—1)d2d(1 _ d)2(1—d)6(,y)tr(L—2'y(a+s)) (28)

where d = %}r(gﬂ) and which is bounded since tr(L~27(*+%)) < 0o by definition of y. The last inequality

has been obtained by applying the right part of Corollary 2 with v =~ to Ejil < (B*B)7¢;,v; >. In fact,
Y52y < (BB, 05 >= 372, < (B*B)2¢, (B*B)34; >= 372, |[(B*B) 24> <e(y) 22, ||IL77 4] =
B) 5, < L@y, Loy, S o)t (L),

Therefore, E,, ||Co||* = (9((5042(‘171)) and sup(,, _,o)ex,(r) Be.l|Ea — 2P = O (a ats 4+ da @Fe)

A.3 Proof of Theorem 3

Let E}/ be the expectation taken with respect to the posterior ,u}/. By the Chebyshev’s inequality, for
es > 0 small enough and M — oc:

1

ps {z € X ¢ ||z — x| > esMs} < Q—WE};”J:_‘T*'F
g5 s
1
= = ([E(zly’ —z P+ trV 0 )
oz (Bl 008) — .|+ trVar(ely’ o, 5)
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and we have to determine the rate of Var(z|y’,a, s). Since Var(z|y®, a,s) = 2[Qg — AKQq] = 5Q§ (ol +
1

B*B)~1QZ we have: trVar(z|y®,a,s) = 6tr(L=*(al + B*B)"'L~%) = 6tr(RR*) with R = L™%(al +

B*B)~%. Let || - ||gs denote the Hilbert-Schmidt norm. By using the left part of Corollary 2 with v =

we get

s
a-+s

5tr(R*R) = 8||R|[3s = 6 > | Rey||?

j=1
(o3

= o (a—l—s) > < (B*B)*@ (ol + B*B) 24y, (B*B) (al + B*B)” 2y >

Jj=1

trVar(z|y’, a, s)

oo

)ZH (B*B)7= (al + B*B) 4|2

IN

S <@

)\a+s -2y [e’e]

Z < (B*B)";,0; >

j a+)\2

2
+Ss -27

)
)

p S)sup R ZH(B*B)’Y/ijuz
)

< 5972(i

IA
to
/~ /~ —~
Q
CIJ

"W (1 — o) Ve )t (L2 eFs)) g = —

which is finite because tr(L~27(9+%)) < oo. The last inequality has been obtained by applying the right part
of Corollary 2. Now, by this and the result of Theorem 2:

1 _at~(ats) -
pi{r € X ||z —a.]| > esMs} = Op(m(aais + oo s )), B =min(8,a + 2s)
PR

atvy(ats)
Tate) ) we have pY {z € X : ||z — z.|| > esMs} — 0.

B
in P*+-probability. Hence, for e5 = (a2@F + S

A.4 Proof of Corollary 1

Let BB = OF f L mg, R = (oI + B*B)™, Ry = (al + B*B)~!, ©-1/2p = (A*)*lfo(Qé,
w

»-1/2B = (A*)—lfmeg, & = fwE(|W) = lim, o K and 8 = fzE(:|Z) = lim,_,., K*. Moreover, we
define §° = ARz, + U and &, = Q(%RO‘(E*/QB)*(g‘s — ARxg). We decompose (&4 — ) as

(Fa —22) = (Fa— )+ QFRa(ZV2B) (4° — AKo) — OF Ra(S-12B)*(5° — ARao)
= (G- +QF [ 2 (52 BY AR — Ra(z/—T/?B)*Aﬁ} (@ — 20)

02 [Ra(z—1/23)* - Ra(2—1/2B)*] U

= (ja —:ZT*) + 2A; + As
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1) Convergence of E||(Zo — )||?>. This rate is given in Theorem 2 (since this term depends on operators

that do not vary with n).
II) Convergence of ;.

B[22 = E[Q; <Ra [(2—1/23)*AKL—S - (21/23)*AﬁL—S] + (Ra — Ro)(S71/2B)*ARL
— E|o¢ ( [B B-B B} +Ra(1§?§—B*B)Ra§*‘§) L¥ (e — 70)||?
— E[Q2Ra [B*B - E;é} aRaL* (2. — x0)||?

E[|Qf Rol PENIQF (K [fw] 'K — & [fw] ' B)|PIIL 7 RaL* (2« — z0)|[”.

IN

) e -l

The last term ||L SRoL® (2. — m0)||?a? is equal to term C; in the proof of Theorem 2 while E||Q R.|]? =
O(a~?) and E||Q (K*[fw] 'K —&*[fw] ' R)||?> = O(n~'+h?’) under Assumption HS since E||Q (K*[fw] 'K —

& [fw] "' R)|]? = E||B*B — B*B|2. Therefore, E|[2;[]2 = O (a—2(n—1 + h?ﬂ)aa%).

III) Convergence of As.

—_~—

Bl = Bo§ (Ra[(21/23)* —(Z7V2B)" ] + (Ra — Ra)(21/2B)*> Ul

—_~

< 2E||0Z Ra|(S7Y2B)* — (S-12B)|U|? + 2E||L*Ra(B"B — B*B)Ra(S-1/2B)*U|[?

= 22[271 + 2%[212.

We start with the analysis of term 25 ; where we use the notation 7 = E(-|W), T* = E(-|Z), T = E(-|W)

and 7% = B(-|2):

-

%, < E|OIR ||2E||(< 1/QB>*—<2-1/2B>*)U||2

IN
o

= E|of Ral*El| (AT -] Ul

_ 2 Kzn(zi —2) 2
= E||Q Ral| E||Q (T-T)" l hz = <, = >) K (wi —w) | |]

1 A ERN "
< E[|Q RPENQG (T - T)*|I”El| h

= 0O (a_2(n_1 + h*)((nh)™' + h2”))

K Zi — 2
_h > yi— <., Kanleim2) >)Kw,h(wi — w)] I?

since E||QO% (T = T)*|]> = O(n~! + h?) under Assumption HS. Finally, term 25 can be developed as

follows:
1 . 1 . 1 ~ 1 —s 175 * 2
Ao = E[QFR.Q3 K — R —R | L°R,(2-1/2B)*U||
fw
< E||Q R, ||2E||QZ< — K — ﬁ*f >||2E||L5Ra(21/2B)*U||2
w
_ (’)( _( h2p) _a+w(a+5))
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1 _

since the last term is equal to term Cy in the proof of Theorem 2 and E||Q§ (K*%K - ﬁ*jiwﬁ) |2 =
w

O(n~! + h?0) under Assumption HS. By writing E||#, — z.||? < 2E||Zo — 24||* + 2E[|21 + A2||> and by

putting all these results together we get the result.

B Proofs for Section 4

B.1 Proof of Proposition 2

Let us consider the singular system {\;, ¢;,%;} associated with B. Under Assumption C there exist
A, X > 0 such that Aj_(‘”s) <A < ;\j_(‘“rs). Therefore, the risk associated with Z, can be rewritten as:

2 6]—25 2(a+s)

- 2 _ o .
E. ||Za —z|? = Zm (w4 ¢J> +ZT((1+S)) =: Al 4 A2.
J

We have that sup,, ., ex, ) Al = SUDY . 26 < (3, —20), 1 >2 <T Al and

1
? 2
sup Al = « sup s < (:1:* — x0)7¢. >
32, 528 <(wx—wo),;>2<T 3 328 <(wu—0) 1 >2<T r (a +j 2(a+s))2 '
= 2 J .23
= « sup — o] <($C*—$0),1/1‘->
¥, 528 < (@u—wo) 95 >2<I (a +3j 2(a+s))2 j
.725

J

= O[ Sup WF

1
2(ats)

The supremum is attained at j = a~ 2@ (m) as long as f < 2(a+ s). If > 2(a + s) then

,25
Supj m =1. Consequently,

sup Al =a# 02 (1 — )20, p=

s———, [ =min(5,2(a + 5))
(@ —20)EX5(T) 2(a+ s)

by using the convention (1 — b)2(=%) = 1 if b = 1. In order to analyze term A2 we first remark that the

j2s—2(ats)

o=@ )z defined on R is increasing for j < j and decreasing for j > j where

summand function f(j) :=

j= (%2504)72(“—1“). Thus,

00 j72s 2(a+s) J 725 2(a+s) o0 j72572(a+s)
s L _gi<a s L
| G = 4 <03 ey 0L ey
- J=J
_ 2at1 0 1 31 2s—2(a+s) _ 2aq1 /oo 1
& o 2aFs) dt < <d————— + o 2t dt
o /{ [tfa(tQ(aJrs) + 1)]2 <Ay < (a +j72(a+s))2 +oa ; [tfa(tQ(aJrs) + 1)]2

~ S ~
where { = (2£22) @ Denote c3(t) = [;° dt and replace j by its value to obtain

1

a2

2a+1 2a+1 —
Sa 2+ eq (1) < < S 2aFs) 7) 4+ $(1—=2s—2(a+s))
o CQ() < As < da <02() + 4(@ T 3)2

) —: 5o e gy D).
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Therefore, Ay = da~ 2@+ . Finally, let G = b20(1 — b)2(1-0)T,

3 _ 2a41 . B _Z2afl
AT G+ Ja Tt ea(t) < sup E. ||ta — 2> < aT@9G+da ate) éa(t),

(zx—z0)€X5(I)

_ats
this proves (12). By replacing o < ¢ (resp. « =< ¢ #+e+1/2) in this expression we get (i) (resp. (ii)).

B.2 Proof of Proposition 3

The proof proceeds similar to the proof of Proposition 2, so we just sketch it. The risk E,, ||#o — 24]]?
associated with &, rewrites as the risk in section B.1. The only term that we need to analyze is Al since

the analysis of A2 is the same as in B.1. By using Assumption B’

—2b0

1
_ 2 _ 2
= « ; (a+j72(a+5))2 < (2« — m0), ¥ >?= Z a+j72 aJrS))

—2bg

{27((”))2 defined on R is decreasing in j if by > 2a + 2s. If by < 2a + 2s then

and the function f(j) := e

f(j) is increasing for j < j and decreasing for j > j where j = o~ 2@rs) (%Jrgﬁ) 2(”5). Therefore, to

upper and lower bound A; we have to consider these two cases separately. If by < 2a + 2s

, [ j2bo , J 2o I j=2b0
I — S < - J - J
a /J (o 1 j—2(at9)2 dj <A <« ]2 (a+j—2(a+s)) 2 (a + j—2(ats))2
2bp—1 e} u4(a+s)72bg 3172b0 269 —1 © 4(a+s)—2bg
2(aFs) —  _du< <o?—J 2(aTs) -
& o 2(at /u (ug(a+s) + 1)2 du < A <« (a +j_2(a+s))2 —+ 2(at L (u2(a+s) n 1)2du

o bo 2(a+s) ~\ oo gilats)—2b ~ = .
where u = (m) . Denote ¢i(a) = [, mdu for some scalar @ and replace j by its

value. Then,

2
DB ) < Ay < 025 (Cl@ a2 ( % ) ) e o 5 ).
a S

If bg > 2a + 2s:

) o j72b0 5 j*2b0 9 o0 ]72}70
« /1 _(a +j72(a+s))2_d] <A <a —(a +j72(a+s))2 - +« /1 —(a +j72(a+s))2 dj

2bg—1 [ uilats)—2bo 2by—1 00, 4(ats)—2bo
2(aFs) e 2(a+s)
S /ﬁ (u2(ats) 1)2 du < Ay <o’ +a /ﬁ (e 1 172 du

where @ = a7@79 | By using the notation defined above we obtain:
2bg—1 9 2bg—1
a?etcr(a) < A < af + a2@Fs) ¢ (a)
Since the integral in ¢ (u) is convergent, the upper bound is of order « e where by = min(bg, 2a+25+1/2).

Summarizing the two cases and by defining: ¢1 = ¢1(uw)I(by < 2(a + s)) + c1(a)I(by > 2(a + s)) and
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¢ =¢(w)l(bo <2(a+s))+ci(@)l(bo > 2(a+s)) we have

2bg—1 2bg—1

aere < A < a 2I(bo > (2a + 25)) + QT .

By using the upper and lower bounds for As given in the proof of Proposition 2 we get the expression in

(13):
2bp—1 _ 2at1 . 9 5 2bg—1 _ 2a41
2@t ¢ 4+ da” 2@t oo (t) < Ep ||Ta — 2|7 < a®1(by > (2a + 28)) + 2@ ¢ + da™ 2@+ Co(1).
By replacing o < dPote we obtain (14).

B.3 Proof of Theorem 4

We use the same strategy used for the proof of Theorem 3. The trace of the posterior covariance operator

is:
'—25

tr[Var(zly’, a, s) —5Z<Q (al + B*B)~ 1901/1g71/1g> 52

fer
j=1 [ ot jmrers)

Since f(j) := rj(““) is increasing in j for j < j and decreasing for j > j where j = (as/a)” 2@ then

we can upper and lower bound the trace of the posterior covariance operator as:

J

5Zf(j) < tr[Var(;v|y5,a s)] Z —|—5Zf
J=j

2041 o0 t2a S1-2s 2041 o] t2a
& da 2+ ————dt < tr[Var(z|y®,a,s)] < 5{7 + 0o 20+ ————dt
i t2(a+s) +1 - e - o+ j—2(a+s) 7 t2(ats) +1
(1—2s)

oo M ky(f) < trVar(aly’,a, s)] < o~ Hetn {50 + S Hat) ko (F)

a-+s

where ¢ = (s/a)_2<a1+3) and ko(t) = [ mdt Thus, tr[Var(z|y®, a,s)] < da~ Hats) By the Cheby-

shev’s inequality and Proposition 3, for €5 > 0 small enough and M5 — oo

1
pi{r € X ||z — x| > esMs} < SV (||E(x|y6, @, 8) — x.||? + trVar(z|y’, a, s))
s Vis
1 2bg—1 2a+1 ~ .
op(ﬁ(aw T4 da %aEn )), bo = min(by, 2(a + 5) + 1/2)
e5M;

26— 1 _ _2a+1
in P?+-probability. Hence, for 5 = (a4<£+s) +62a” 36+ ) we conclude that u};f{x EX:||x—wx|| >esMs} —
2b —1
0. For a < § we obtain (i). To obtain (ii): arginf, es = 5bo+a and inf, e5 = §itoTay
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B.4 Proof of Lemma 1

Let us denote: s = ag8, Ry = (ol + K't2%)71 R, = (al + K%~ &, = K’R,K*(y° — Kxo) + 0.
Then,

E., I”

E.. ||aRu(z. — o) + KSR KU ||?
E..||[aRs (2. — 20) + a(Ro — Ro) (x4 — 20) + Ra KU + (R K? — RAK*)U||?
2Em*||a]:2a(:v* —x0) + ]:Zaf(ngH2 +4E, ||a(Ry — Ra)(;v* — :1co)||2

+4E, ||[(Ro K% — Ry K®)U||? =: 241 + 445 + 4As.

To — Ty

IN

. " . _ _ 2bp—1 1 —a0+l
The rate of term A; is given by Proposition 3 with§ = n=1, a = % and s = aps: Ay < (a 2otag +n o a0 )

By using the result of Lemma 2 and a Taylor expansion of the second order of the function K2+ around
K (that is, K25t! = K2+ 4 (25 4+ 1)K%(|K — K|) + O(|K — K|?)) we obtain

A = Eplla(Ba = Ra)(@. —20)|’ = Bp.[|Ra(K** = K2 )aRa)(z. = 20)|
= E.||Re (25+ DE®(K — K)) + O(K - KP)) aRa)(@. - 20)|?
< O (Bo||RaK>|PBy.||K - K|PE,. [laRa(e. - 20)]?)
0 (B [|Ral "B | (K = K)|Ee.[loRa (e, — 0)]?)

2a 2bg—1 2bg—1
- O (n—la 2s+?10 azsgrao ) + O (n—2a—2a259ra0 )

where we have used the facts that: E, ||[RoK*|]*> = O (a_ 2521910) and E, ||(K — K)?[? = O (n=?). The

latter rate is obtained as follows: for some basis {¢;}:

K- K2 = <(K-K >2= < (K - K)p, (K — K)p; >2
I )2l Hiﬂglz )20, 0; uiﬂglz ), ( )p;
< sup ZII K — K)o|]||(K — K)gp,]|?

lIll<1 =

1K = K)I[P D IE = K)e;l? = (K = K)IPII(K — K)lls.

j=1

Thus, the proof of Lemma 2 implies: B, ||(K — K)2||? < (Em

(K — K)2||§{S) = 0 (n~2). Next,

As = Eo[[(RaK™ = RoK*)U|? = Ep. ||(Ro K> — K*Ro)U|?
— Ew*HRa(aKQé 4 K2§K2§+1 _ aK?é _ K2§+1K2§)RQU||2
— E.||Ra [a(K2§ _f(2§> +K2§(I~(—K)f(2§} RQU||2
< 2E,,||Rac(K* — K*®)R,U||? 4+ 2E,. [|Ra K (K — K)K* R, U||?

ag+1

and 2E, ||[R, K% (K — K)K¥R,U||? = (a 7t40 020 3 a0 +a0) by Lemma 2 and since E,, ||R,K?%||? =
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O (a_ 2:+40 ) To obtain the rate for the first term we use a Taylor expansion of the second order of the
function K2 around K (that is, K2° = K2 +25K%~1(|K — K|) + O(]K — K|?) and the O term is negligible

as shown above):

- ~ . A~ ~ ~ o~ ~ dag+1
E,.||[Raa(K¥ — KZ)RU|IP = O (Em Roa||E,. ||K — K|]?E,. KQS*lRaUH?) -0 (nfla‘—aoe%ﬂm*l)

dag+1

aR,|[? =0 (1) and B, || KZ 1 RU|2 = O (nflor—zs % ) Remark

that to recover the rate for E,_ | |I~( B-1RU ||? a procedure similar to the one for recovering the rate for term

by the result of Lemma 2 and since E,,

As in proposition 2 has been used. By putting all these results together we obtain

. 9 2bg—1 1 _ ag+1 1 - 2ag 2bg—1 _o _9 2bg—1
xa_x*H = Ofa®t2 +n ta @0t 4+ n ta @t 2t +n “a “q2itao

E..

dag+1 2ag

1 -t 1 —0 g o0t
le% a0(2§+1)n7 _l’_a 2s+ag TL7 o a0+25).

+n-
_ ag+2s
Finally, by replacing o with a, < n 2bote0 | the third to sixth terms are negligible with respect to the first

and second terms if by > s and by > ag. This concludes the proof.

C Proofs for Section 5

C.1 Proof of Theorem 5

To prove Theorem 5 we use Theorem 3.3 p.123 in Kuo (1975). We first rewrite this theorem and then
show that the conditions of this theorem are verified in our case. The proof of Theorem 7 is given in Kuo
(1975).

Theorem 7. Let Py be a Gaussian measure on Y with mean m and covariance operator Se and Py be another

Gaussian measure on the same space with mean m and covariance operator Si. If there exists a positive
11

definite, bounded, continuously invertible operator H such that So = S7HS}? and H — I is Hilbert-Schmidt,

then Ps is equivalent to Py. Moreover, the Radon-Nikodym derivative is given by

(b = ﬁ %) , (29)
with %3 the eigenvalues of H — I and z; a sequence of real numbers.
In our case: P, = P,, m = Kxg, So = 0% + gKQOK*, P, = Py and S1 = 0X. We rewrite Sy as
Sy = (52 + gKQOK) = Vexi|r+ éz—l/%mo.r{*z—l/? $iVE = SEHS]
with H = [I + 251/2KQoK*%~1/2] = (I + 1 BB*). In the following four points we show that H satisfies

all the properties required in Theorem 7.
1) M is positive definite. In fact, (I + 1 BB*) is self-adjoint, i.e. (I + 1BB*)* = (I +1BB*) and Vp €,
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e#0
<(I+ =BB")p, ¢ >=<p,p >+~ < B ¢, B¢ >= |lo|* + ~||B"¢|I* > 0.

2) H is bounded. The operators B and B* are bounded if Assumption A.3 holds, the operator I is bounded
by definition and a linear combination of bounded operators is bounded, see Remark 2.7 in Kress (1999).
3) M is continuously invertible. To show this, we first recall that (I + 1 BB*) is continuously invertible if
its inverse is bounded, i.e. there exists a positive number C such that ||(I + 2 BB*)~!¢|| < C|l¢]|, Vo € Y.
We have |[(I + 5BB*) " ¢|| < (sup; 5 ll¢ll = llell, Vo € V.

4) (M —I) is Hilbert-Schmidt. To show this we have to consider the Hilbert-Schmidt norm || BB*||gs =
L/tr((BB*)?). Now, tr((BB*)?) = tr(QoT*TQT*T) < tr(Q)||T*TQT*T|| < oo since T := £~1/2K has

a bounded norm under Assumption A.1.

C.2 Proof of Theorem 6

We start by showing the first statement of the theorem and then we proceed with the proof of (20). Let
a+ts

1—r - boFa .~
¢3, ¢4 and é4 be the constants defined in Lemma 3. Fix €5 = §%0ta for0 < r < 1, oy = (2—2(1 + 65)) ot oP,

ay = (g—i(l — eg))ﬁ dP where: p = boitiﬁ’ p= bo‘:;s_n, 7 =mnl{bp —a—2s—1/2 > 0} and (by + a) >
n > max{(bo — s — 1/2),0, (bo — 2s — a — 1/2)+}. Remark that, since by — s —1/2 > (bg — 25 —a — 1) and
0 < €5 <1 (because 0 < § < 1) then the assumptions of Lemmas 5 and 6 are satisfied. Moreover, ¢4 > ¢4,
see the proof of Lemma 3. Let G := {3d; S,5(&) = 0N & € (az,a1)} and G¢ be its complement. In order to

prove the first statement of the theorem we make the following decomposition:

P{34;S5,:(&) =0} = P{3G4;S;s(&) =0Na& € (ag, 1)} + P{3G; Sys(d) =0N& ¢ (a2, 1)}
P{G} + P{G"}.

From Lemma 7 we conclude that as § — 0: P(G) — 1 and so & € (ag, a) with probability approaching 1.
This implies that we can write & as a (random) convex combination of as and ay: & = pas + (1 — p)ay for

p a random variable with values in (0,1). Since ap — 0 faster than «; — 0 then:

a+s

ats ats C bota ats ats
a=o, (5bo++a+ﬁ) 4 5bo++a+ﬁ (1-p) [Z—z(l + 65)] ’ =:0p (5b0++a+ﬁ) 4 5b0++a+ﬁ (1 —p)ky. (30)

Now, we proceed with the proof of (20). Denote by I¢ and Ige the indicator functions of the events G
and G¢, respectively. By the Markov’s inequality, to show that u}/)d{Hx — 2,|| > esMs} — 0 in probability

we can show that its expectation, with respect to P**, converges to 0. Then,

B, (ufallle 2.l > esMs)) = Ba. (ufodllz = aul| > esMs} (1~ I + 1))
= B, (lfallle — .l > esMy}ae) + Ba, (ufedllz — 2| > 505} o)
E;

AA_ 2 t V 6 A~
||Ia I*H Io+ r QT(IHJ 70[75)[@)

<
= 2072 2072
ez Ms; ez Ms;

(31)

e) + B
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where the last inequality follows from the Chebyshev’s inequality. By Lemma 7: E (Ig<) = P(G¢) — 0.
We then analyze the second term of (31). Let o, denote the optimum value of a given in proposition 3,
that is, a. = 55?)% with by = min{bo, 2(a + s) + 1/2}. By using the notation B(«a) := (ol + B*B)~" and
B(a) := (ol + QoK*¥ 1K)~ and by adding and subtracting QéB(a*)(Zfl/zB)*(y‘s — Kxp) we obtain:

1
E,. (ll2a = 2.]*e ) = B |10 B@)(S2B)" (4 — Kao) + 20 — .l PIo

1
<2E,.||Q¢ B(&)(a. — @) B(a)(27Y2B)* (v — Kxo)| 1

5 b
+ 2B, |96 B(aw)(E7?B)* (y° — Kao) + 20 — z.|[* I
< 4B, ||B(6) (0 — &) [0 Blou)(STV2B)" (4 ~ Kao) + 10 — . |l
+ 4B, || B(&) (0 — &) (20 — z.)[[* I + 2Bq, |0, — 2.

<4E, || B(8) (0 — 8)|PIGEq. |30, — 2] +4E,. (ar — &) B(@)(z0 — .| Plc + 2E,.

jﬂt* - I*Hza

where the last inequality is due to the Cauchy-Schwartz inequality. By the first part of this proof, & can be

written as in (30) so that there exists a positive constant 1 such that:

o0

- 1 sy — Q 2
E..[|B(&)(cx — d)HQIG = E; (ox - ‘3‘)2 sup ————= < ), >? Ig < E,, < = IG>
||¢||:1jz:; (& +]72(a+s))2 J &

PIOIEE ) 2
ST~ 0p(1) = (1 - pn
E

- . =0(1). 32
(0p(1) + (1 = p)r1) W >

Moreover, ||B(&)(zo — x,)|]? = > % = G 2A; where A; is the term defined in the proof of

proposition 3 with the only difference that o must be replaced by &. With reference to the notation of that
proof we have:

2bg—1 2bg—1

aF 20 < ||B(&) (w0 — 2)|[* < I(bo > 2(a+ 5)) + a7 2.

Therefore,

2bg—1 201 _, ﬁbo*EQJrﬁ 5 91 5
ST, [o,(1) + (1 - ) 2574 — 0,(1) = (1 = phalPer < B (0 — )° [1B(@) (w0 — )| Pl
2(ats) 2bg—1 20-1 o
< (S 100 > 2(a-+ 5)) + SR, [op(1) + (1 - p)ra) W5 25, x

~bg—bo+7

[677 @0l — 0, (1) = (1 = p)ra?,

~ 255 —1
that is, E,. (e — &)2 ||B(&)(zo — 1)|[2Ig = 670+ then, we conclude that

E.. (|l7a - 2./Is ) < Bs.

Fo — 2|2 (2+40(1)) 4 40 (52<3§3aim> , (33)

42



Let us turn to the analysis of the variance term:

trVar(zly’,a,s) = &tr [Qo(&l + B*B)™]

[Qo(cI + B*B) ™' + Qo[(&I + B*B)™' — (a. + B*B) ']
[

[

= itr

Qo(ewI + B*B)~'| + otr [(a1+ B*B) Y. — &)(a.d + B*B) ']

= Otr

j—2s

) (a4 j—20+9))

— Str [Qo(a.] + B*B)” +6Z a+]—_2a+s)

o — 4 j‘25
’ (1 vty (0w + -2t

Jj=1

IN

by using the expression for the trace of the variance in the proof of Theorem 4. From (32) it results that
E,. (%—704160 = O(1). Therefore,

E.. trVar(z|y’, &, s)le = (1+ OQ)) tr[Var(zly’, ax, s)]

and by using (30) and the upper and lower bounds for ¢tr[Var(z|y°, a., s)] derived in the proof of Theorem 4
2a+1
we conclude that B, trVar(z|y’, &, s)lg < (14 O(1)) da *77 . By replacing these rates in (31) we have:

2bg—1
2(bg+a+mn) _2a+1_
225 400) 40(5 ’ ) + (1t oy e
ZM2 e2M?2 e2M?2

1 2bg—1 2bg—1
(@) (m (52<bo+a) + 52(b0+a+n>))

2bg—1 _
which converges to 0 for g5 < ¢ *®oFat

Ew* (/1’35/,&{||‘T - ‘T*H > E5M§})

IN

o(1) + Ey, ||2a, — .

D Technical Lemmas

Lemma 2. Let X = Y = L%([0,1]) and K and K be operators from X to Y such that K¢ =
LS < Ziyp > Zi(t) and Ko = fol ©(s)Cov(Z(s), Z(t))ds, Yo € X, where Z € L*([0,1]) is a

centered random function. Then, if B||Z||* < co we have

B..J|K ~ K| =0(+).

Proof. Let || - ||ms denote the Hilbert-Schmidt norm. Since Cov(Z(s), Z(t)) = E(Z(s)Z(t)) we have

1 1 n 2
1K= RIF< K = Rlfgs = [ [ [230 220~ B(z()2(0)] dsa
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so that

B.K-KIP < [ 1 / B[S 2020 - Bz 20) s

_ [y 11:711 Zi(s)Z;(t) | dsdt
_ /O O arb; (5)Z:(1)] s
Lrlrl & 2n(n —1)
_ / E Z Var(Zi($)Z:(t) + T3~ CoulZ(s) Zu(t), Z()Z (1))] dsdt
= / / E(Z%(s)Z3(t))dsdt = —E/ / (Z2(s)Z%(t))dsdt = —E||Z||4
since Cov(Z;(s)Z;(t), Z;(s)Z;(t)) = 0. O

Lemma 3. Let the assumptions of Theorem 6 be satisfied. Then,

1
Spla) = S —32—53—(34a+34b)+V15+V2

y
where
Lt < S < b 5 )+ Latmte
R a+s — — a+s
2504 cs < 253 0 >S) 25a C4,
1 _2(2a(+i)§1~ (S S < 1 _2(211(+i)J)r1~ 1
30 3 < (81— 4b)_§04 G+ oz
1 1
2 2
Sa ~ I ___g—2(atbo) | Si o~ o 3
3 51\/— Z:: a+)\2)4j 4q 52\/5 ;(a—k)\?)‘l

where & ~ N(0,1) fori=1,2, Cov(S3,S14) =0 and é3, c4, ¢4 are positive constants.

Proof. We develop Sys(c) by using the fact that under Assumption C there exist A, A > 0 such that
At <\ < AjTF) for j =1,2,.... Then,

1 & A3 1S A3
Syé(a) = 5]; oz(a—l—/\f) - 5; 5(04"‘/\?)2)\]'2- < K(JJ* —ZCO)uspj >
ad 2)3
—= < K(xs >< U
2]; 5(a+)\?)2)\]2 (J/' ) Pj Pj
Ly /\2 U S -8 —-85-8
_525(Q+A2)2AJ2< i >T o1 T o2 T o5 o
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Let us start by computing So

1 & A2

So==5N 0 < K(x, —x0),0; >
272 ; S+ A3)2\js (@ =70}, 0;
ii] 2(a+s)—2a—2bg i
26 ot (CY +j—2(a+s))

s - —4a—2s5—2bg
J
20 Z
The function f(7)

4a—2s—2bg
(a+j72(a+s)

increasing for j < j and decreasing for j > j where j = (

3 defined on R, is always decreasing in j when by > s. When by < s, f(j) is

= Q“r;bo )72(1&5) Therefore, to upper and lower
0
bound S, we have to consider these two cases separately. First, if by < s:

1 0 - —4a—2s5—2bg 1 o c—4a—2s5—2bg 1 bo—s—1%
S o 2 w0 e 2 e
20 & (a+j—2@F9))2 20 = (o + j2F9)

= J=J
1 e ]—4a—2s—2b0
% 2

<
Il
MR
°
+
[
®
)
+
w
Nt
[\v}
I
)
g~
~/

oo u2(57b[))
ats

o Ce

i j—4a—25—2b0

1
a+s) + 1)2 du = <

bofs—%
550 T ca(w);
bo—sfé jes} u2(s—b0) p
+ o ats / u
= (o + j—2(a+s))2 b (2@t 1 1)2
< 1 = 3—4@—28—2{70 + @ /OO u2(5—b0) d
ac = « ats e ——" Y]
= 25 3(a+j_2(a+s))2 (@@ 1 1)
_(1—4a—2s—2bg)
2a+s+b 2(a+s)
L [ (oah) Tt T ) | = ST )
= BYS ats a  ats  CcqlU = — ats Cq(u
26 (a+a2 ;;50)2 2%
2(ats) 2(s—bg) —4a—2s—2b b 12(2;7152;’0
where u = 2a—:r8:0_bo) L a(u) = f:o (uéﬁamil)z du and ¢4(u) := (2a+s+bg)~— 2@ts) %_'_
(u). Second, if by > s
1 —4a 25—2bo - 1 bo—s—% [ w2(s—bo)
YN — a+s
52:: (a+j—2lats))2 = 25" 5 (2
1 —4a 25—2bg
PMrETE

d 1 bo-s—3
a+s) + 1)2 U =: %
r—4a—2s—2b
< L i
2(a+s) ) - 20

a ot ey (T);
bo— S,% oo U2(S_b0)
. T ats /
CEVEECRIE (
< 1 bo*sgl/? 1
o ats
- 25

u u2(a+s) + 1)2 du—i—)
4 (1) + 25

=c(u
the first line of inequalities of the lemma is proved

where 4 = a2@@+) . By defining ¢y = ca(u)I(bo < s)+ca(@)I(bo > s) and é4 = éq4(u)I(bo < s)+ca(@)I(by > s)

)\2
Z\/_(oH—)\?) 2/ Njs

We analyze now Ss. Let {¢;} denote a sequence of independent N (0, 1) random variables; we rewrite Ss as
Ss3

< U, p;
< K(xy —x0), 05 >
( 0) J 5/\j2
E Ai < K( ) > ¢
= T x 0),¥Pj J
\/_j:1 (o‘+)‘§)2\/)‘ =
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This series is convergent if, for a fixed «, E||S3]|> < oo. This is always verified because:

I A
EllS:I?2 = = J —2(a+bo)
1Sl 5;@“2)43
1 —2(a+bo) _ —2(a+bo)
< S(Sljlp OH_/\Q ) Z] ’ 5@2] ’

and it is finite if and only if by > l — a which is verified by assumption. Therefore, S3 is equal in distribution

X i—2(a+bo) 6

to a Gaussian random variable with 0 mean and variance 3 E] 1 T/\Q)“ J

Consider now term S4. Since % ~ i..d. X3, we center term Sy around its mean and apply the

Lyapunov Central Limit Theorem to term Sy, below:

I A2 < U, p; >2 1S A2
S, = - J ( 2 ) —1)—1—— —— = S4a + S
2; (a+)\§)2 (S)\JE 2; (a—i—)\?)?
For that, we verify the Lyapunov condition. Denote ¥; := (%;;2 — 1) and it is easy to show that
29 3 ats
E[9,]> = 8.6916, thus °°° | E (;—f) =8.691657°, ﬁ which is upper bounded by
3 =
° )\219 J jfﬁ(aJrs) st 76(a+s)
< 8.6916
Z a+/\2 - Z(a—i—j 2(a+s))6 Z a-i—j 2ats))6
j=1 j=1 =3
-—6(a+s)+1 - 6(a+s)
J —3— 1 u
= 8.6916 | ——=—F—= + 2(a+s) - d
|:(CY +j—2(a+s))6 « \/; (u2(a+s) + 1)6 u:|
—oo 6(a+s)
—3— 1 -6 u
= (a+s) e —
509160 = He [2 +/1 (2t 4 1)sd“]
since the function f(j) = % is increasing in j for 0 < j < j :=a~ 7@ and decreasing for j > j.

By using the lower bound of Var(S4,) given in Lemma 4 below we obtain:

/\219
(o + )\2

IN

v S —3/2 E 3.6916 1 _4(2a(+i)t1 —-3/2 —3—ﬁ 2_6 —00 uﬁ(a+s) p
(Var(Sia) Z . e C6 o +/1 ET T TP u

a+s) +1 6

_1
= a4(a+s)

4 1
which converges to 0 so that the Lyapunov condition is satisfied and Sy, =9 %(2 Zjoil © A ) 252 where

T
D)

5Tn the case where U is only asymptotically N(0,6%) then the analysis of Ss requires to use the Lyapunov Central
Limit Theorem. In particular, we have to check the Lyapunov condition: for some g > 0

240
(Var(Ss))~2+e)/2 Z (W < K(2+ — 20), ¢; >) E[<Up; > -E(<Up; > =0.
>z

If this condition is satlsﬁed then S3 is equal in distribution to a Gaussian random variable with mean
.—2(2a+s—bg)
J

4
>, L———55E < U, p; > and variance A72 j—2(atbo)teoy gy (0252 ) - Ag mptotically, this mean
3=1 §(atj 2(a+b))2E U, p; d (15 = o1 (a2 i Nz Y y

is 0 and the variance is equal to the expression for E||Ss||*> given above.
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€2 ~ N(0,1). 7 To show that the Cov(S3,Sua) is zero, rewrite S = 377, a;€; and Suq = Y77, b; (€7 — 1)
with gj ~ N(O, 1) Thus, CO’U(S3,S4G) = Z;il Zf; ajbjE(fj (€J2 - 1)) =0.
Term Sy is non random and we subtract it from S; to obtain:

I A2 SN} 1 N
S, — Sy = _[ _ 4 7J} - N4
2 ; ala+2%) = (a+23)? 2a; (a+A3)?
- 92a ~ ( +j72(a+s))2 T 92a = (an(aJrs) +1)2°
Since % is a decreasing function of j we have

o0

L1 dt<i2—1 <i/0o : dt + !
2a J;  (at2lats) 4 1)27 — 2¢ = (aj2ats) +1)2 = 2a J;  (at2(ets) 4 1)2 2a(a +1)2°

By denoting ¢3(a) = fﬂoo mdu, with @ defined above, and since m < 1 for a fixed «, after some

1 _ 2(ats)+1 _ 1 _ 2(ats)+1 _ 1 . ~ _
algebra we conclude that ;o= 2079 c3(u) < (S1 — Sap) < 500 2T c3(u) + 5. By defining é3 = c3(u),

the second line of inequalities of the lemma is proved. O

Lemma 4. Let the assumptions of Theorem 6 be satisfied and S3, Suq be as defined in Lemma 3.
Then,

_a+257b0+% 1 1 _a+257b0+%
3 @) 5 < Var(Sz) < gf(bo >a+2s)+ 5@ (@+s)  ¢s, (34)
1 4(a+s)+1 17~ _4(a+s)+1
§a Wte) g < Var(Sya) < 1ice 2(a+s) (35)

where cs, €5, cg and g are positive constants.

Proof. We start by considering Var(Sz) = 5 ZJ L (a+)\2)4] 2(atbo) - Under Assumption C, we can rewrite

—4(a+s)—2a—2bg —4(a+s)—2a—2bg . .
Var(Ss) < $>°7° =1 W' The function f(j) = W defined on Ry is always decreasing

in j when by > a + 2s. When by < a + 2s, f(j) is increasing for j < j and decreasing for j > j where

1
- e . -
j = (%a) . Therefore, in order to find an upper and a lower bound for Var(Ss) we consider

these two cases separately. Let us start with the case by < a 4 2s:

1 0 ,] 4(a+s)—2a—2bg 1 _a+gs,b0+1 2a+4s 2bg 1 _a+23,b0+l
> - _— — (a+s) = — (a+s) :
Var(Ss) =z 3 Z (a+j 2@yt = 5% / O rn it S es(w);

1< B
Vars) < Il Lty <

-—4(a+s)—2a—2bg 1 a+2s—bo+ L 1_ j 4(a+s)—2a—2bg 1 a+2s—bo+ L
—_y —a @) ¢y (g)
2ot 2@y 5/ (asj 2oy 5
1 _ (1+2a+4s—2bg) _ a+ 2s+ by 1 (142a+4s—2bg)
— 2(ats) (1+2a+4s—2bg) [ 2T 22 T Y0 = = 2(ats)
5 (y oty + cs5(w) Rl ¢5(u)

"In the case where U is only asymptotically N (0,03) then a remark similar to the one for term S3 applies.
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1
_ [ 3a+2s+bg 2(a+s) . .
where u = (7a+25+b0 ) . Next, we consider the case by > a + 2s:

1 _at2s—botd [0 420+4s—2bg 1 _m 7
Var(S3) > 54 O / mdu S0 e5();
Var(s) < 1(# i 7 e du)
=5 (o + j—2(a+s))4 i u2a+s)+1)
< 1""}(17%05(@)
-0 9

where @ = 3@, By defining ¢5 = c5(w)I(byp < a + 2s) + c5(@)I(bo > a + 2s) and ¢ = &5(u)l(by <
a+2s) + cs(w)I(bg > a+ 2s), the first inequalities in (34) is proved.

. . . —4(ats)
Under Assumption C, the variance of Sy, rewrites as Var(Sia) =< 3 1y i1 m The function

. i—4(a+s) [ . . . . -
f(G) = m defined on R, is increasing in j for j < j and decreasing for j > j where j = a gDl

We can lower and upper bound Var(Ss,) as follows:

1 = 1 ,2, 1 uiats) 1 4(ats)+1
V > = E _ > — ats R = _ ats
ar(Sa) 2 52, ot jerop = 2% /1 (u2(a+s) 4 1)4du T T e

1 J j—4(a+8) 1  4tats)+1 1= 5—4(11-{-5) 1 dlato)t1
< )Y gt o) oq < —j—d 4= o
v 2;(%3‘2(“*5)) 1T e S S ey T T
1 1fdatas 6 _ ltdatds 17c6 +1 _1+aats) 1766 _1tatats)
= J— 2(a+s) 2(ats) — —— —— 2(ats) —: “2ats)
32" TR 32 32
O
a+s

Lemma 5. Let the assumptions of Theorem 6 be satisfied and aq = (5—3(1 + 65)) 0t 5P where:

p= b0+a+n for i = nI{by —a—2s —1/2 > 0}, n > max{(by — 2s —a — 1), (bp — 2s —a — 1/2)1},

4(a+s)(bo+a)
bo+a+n

5§ = 54“’0“) , for every 0 < r < and ¢, ¢4 be as in Lemma 3. Then,

P(Sys(a1) <0) =1 as §—0.

Proof. By using the notation of Lemma 3 we write
v
Syé (Oé) = -8y — 83— Suq + (Sl — S4b) + El + 15

where S3 and S, are independent zero-mean Gaussian random variables with variances equal to
1 & by 1S bY:

V S — ] -72(a+b0) d V S W) == J

ar(Ss) 5 JZZI (o + A?)‘*J o ar(S1a) 2 Z (a 4+

Jj=1

respectively. By using the lower bound of Sz and the upper bound of (S; — S4p) provided in Lemma 3 and
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by denoting D(«a) = Var(Ss) + Var(Ss) we obtain:

P(Sys(a1) <0) = P(S3+ 81> =82+ (S1 —Sw) + % + 1)
1¢-—1 b07171/2 *2(2a(ii)$l 1/~ —2(a1+s)
Y —50" Ty cq4 12+ ay 1‘2 5(C3 + (14 211)) (36)
[D(en)]

where & denotes a N'(0,1) random variable. Moreover, let D*(«) be an upper bound for D(«) and D;(«) be

a lower bound for D(«) for every a. By the result in Lemma 4 we can take

at2s—bg+1/2 17 _aG+s)+1 _

D“(a) = 0 'I(bo > a+2s)+ &6 tam T as + 33 2ats) (g (37)
Dl(a) = 5_1017 a+23;1:(;+1/2 Cs + %O&i 4(;(2?;;1 Cg (38)

and by replacing the value of o and after some algebras we get:

_at2s=bg+1/2 17 _4(21+s)+)1

_ o ._at2s=bot1/2 | (g bo+a Ce . Aats)+1 [ ¢g 2(bgta

D“(al) = 0 II(bO >a+ 28) + C50 15 bot+a+tn —(1 + 6(5) + ——§ 2Cotatd) —(1 + 6(5)
C4 32 Cyq
_at2s—bg+1/2 1 _ 2(a+s)+1/2

4 ._at2s—bg+1/2 53 bo+a q 53 ~bota

Dl(al) = 4 16 boFtatn |:C—(1 + 65):| cs + §§(bo+a+n) C—(l + 66) Cg
4 4

4(ats)+1

Remark that: (1) D(ay) = O(5~ 350 1) ) when by < 2+ a+ 2s and (2) D%(oq) = O(6~!) when

by > % + a + 2s. Therefore, we analyze these two cases separately.

CASE I: by < 1 + a+ 2s. By substituting the value of a; in the numerator of (36), factorizing the term

_ 2(ats)+1
d 2®Fe) (in the first and third term of the numerator) and after some algebra we obtain

ats bg—s—1/2 2(ats)+1 stat1/2
o M R 1 ) R
P(Sya(oq) <0) > P(€> 2 & [D4( )]1/)25( Z 2
aq
ats —ats_ = ats ats
Lo iz, “’”*“)ci‘)*”(lﬂs)‘@(l+2”1)) —-P<§> LB )
1/2 _' 1 1
[D(an)]" [D(e)]*  [D(a1)]?

[N
N
[N

2P<§> MM >_1—<I>< M — 4 No )
[D¥(a1)]?  [Difar)] [D¥(a1)]?  [Diar)]

since N1 < 0 and Ny > 0, where ®(-) denotes the cumulative distribution function of a A'(0, 1) distribution.
Ny N,

T+ T

[D¥(a1)]2  [Di(an)]2

€5 = 54@01‘1), for every r > 0. This proves that P(S,s(a1) <0) — 1.

_ 1 1 . .
= —§ ToFa)es 4+ §T0Fa) | which converges to —oo as § — 0 if we choose

Finally,
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CASE II: by > % +a+ 2s. So, 7 =n. By substituting the value of a; in the numerator of (36) we obtain

1 oo ladst1/24m) bo—s—1/2 adotl/2
—50  Potetn [E3(14€5)] PoFe ¢, 0 + v
P(S,s(a1) <0) > P(g > 2 [ SED( )])]1/2 2 ° 4
aq
a+s+1/2 1
_ats+1/2 1. - a ~ 2(bg+a)
307 Torern [i_z(l + 66)} e <53 + 62 rarm [i—j(l + 65)} ot )> (1+217)

[D(a1)]"?

> P<§> Nl _— N2 1>: —@( Nl _+ N2 1)
[Dt(a)]?  [Dien))? [De(an)]®  [Dien))?

since N; < 0 and Ny > 0, where ®(-) denotes the cumulative distribution function of a A'(0,1) distribution.

Remark that in this case we can rewrite D;(«q) as

B -~ a+2sb7b0+1/2 1 B -~ 2(a;rs)+1/2
_a+2s—bg+1/2 ota _ _bg+ta ota
Dl(al) =516 2(”0*2*”) [0—3(1 + 65)] cs + —61 bOi“*” [0—3(1 + 65) Cg
Cy 2 C4
and therefore, N No o~ 5~ 2o Fetn + 5%7:(;02;1/172)#” _ 5 atoren (1—0(1)) if 7 is
[D(a1)]2  [Di(a1)]2
sufficiently big so that n > %(bo —2s—a— %) This quantity converges to —oo if n > by —2s—a—1. Therefore,
the condition which guarantees convergence is: 5 > max{(bg —2s —a — 1), (bp —2s —a — 1/2)1}. O
B ba+s
Lemma 6. Let the assumptions of Theorem 6 be satisfied and ag = (g—i(l - 65)) 0T 5P where:
p= bOl‘l:[;S_n for (bg +a) >n > max{by — s —1/2,0}, 0 < 5 < 1, €3, ¢4 be as defined in Lemma 3.
Then,

P(Sys(az) >0) =1 as §—0.

Proof. This proof follows the line of the proof of Lemma 5, so some details are omitted. By using the upper

bound of S and the lower bound of (S; — Sy) provided in Lemma 3 we obtain:

P(Sys(a2) >0) = P(S3+Ssa < =82+ (81— Sw) + % + 19)
Lo — 2 1s—1
—s0ta, T Gttt ot 283 — 50 (bg > s
> Ple< 22 rermrte T g0 a TED) )
[D(az)]

where ¢ denotes a N(0,1) random variable. Moreover, Vo let D¥(«) (resp. D;(«)) denote the upper (resp.
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_ 4(ats)+1
2(bg+a)

). By replacing the value of as and after some algebras we get

Tt s [03 (1— ea)]

)

the lower) bound for D(a) defined in (37)-(38).

a+2s—bg+1/2 17

at2s—bg+1/2 | ¢ bo+a =

D%(ag) = 0 'I(bo > a+2s)+ 50 PoFasn [03 (1- 65)] 2 L06 5= =t
04 32 C4
1 B 72(a2»si+1/2 B -~ a+2sbfio+l/2
2a+2s+1/2 oTa bg+a oTa
Di(ap) = 6 Poren | —cq [?—3(1 - 65):| + 6 Mraotasy {?—3(1 —€5) Ccs
Cy C4
_ 2(ats)F1/2
Remark that D“(ap) = O(5 ®oFe=m ) if by < % + a+ 2s + 1. This condition is satisfied by assumption
because > by — s — + > by —a — 25 — % By substituting the value of ay in the numerator and after some
algebra we obtain
_afst1/2 [ —adsdl/2 . -2 s
LR [21-e)] T Gan |20 -e)| T eTwRS
(Sys(a2) >0) > P(f < [D(az)]1/? +
bg—s—1/2 [ _ b075;;/2
_%5 (bo > S) + 645 bg+ta—n |:g—3(1 — 65):| + 2
g )
N3
= P <§ < T 1)
[D(az)]* :
N3 N3 Ny
Tt ;) =o < T+ I
> [Difa2)]? [D*(az)]*  [Die2)]?

1
since N3 > 0 and Ny < 0. Term N3/ [D"(a2)]2 converges to +o0o, as § — 0, since
ats+1/2 ats+1/2
| o— atsl/2 | 20d2s41/2 T = e 1
56 bo+a—n T 2(bg+a—n) 6_3(1 — 66) c3 +2 ~—3(1 — 66) )20o+a—m)
1
= § 4d®gta—mn)

Ny
[ (1)I(bo > a+2s) + [é—*(l —€5)

bo+a

_20ato)+r/z 1/2
ot

1
[D¥(a2)]?

1
The asymptotic behavior of Ny/[D;(a2)]? is different depending on the sign of (bg — s — 1/2). So, we

_(bg—s—1/2)
Cqy+ 6 bota—m I(b0>8) — U

treat the two cases separately
CASE I: by < s+1/2
2(a+s)+1/2 bp—s—1/2 ~ %
16 200Fa=n M ogra=n [5—3(1 — 66)} ’
Ny *
[D(« )]% - 2(ats)+1/2 1/2
(a2 - — T bota
o(1) + [i(l —€5) %]
e
— —0o but slower than — 23— — .
[DZ(az ]2 [D*(a2)]2

which is bounded if n > 1/4. If n < 1/4 then

ol



CASE II: by > s+ 1/2.

bg—s—1/2
4 2(ats)F1/2 bg—s—1/2 [ _ boTa L
-1 (5 I+ o te-m [I(b025)+67b0+a" [5_3(1_65)} 0 04_y25D
=5

creiie 72 = R
Di(a2)]? ) L
o(1) + [2(1 - )] g
which converges to —oo if bg > s+n+1/4. However, in this case, Ne 3 o slower than Ns s
g n
[Di(a2)]2 [Du(a3)]2
if bg < s+1/241. O

Lemma 7. Let the assumptions of Lemmas 5 and 6 be satisfied and aq,as be as defined in the
proof of Theorem 6. Define the event G := {3&;Sys(&) = 0N & € (g, 1)} Then P(G) — 1 as
0 —0.

Proof. Because Sys(+) is continuous on [ag, a1], in order to prove the existence of an & such that S,s(&) =0
it is sufficient to prove that P{ Sys(az) > 0 and Sys(c1) < 0} — 1 when 6 — 0. Thus, we can upper and
lower bound P(G) by

1> P(G) > P{Sy5(a2) >0N Sy5(041) < 0}.
We now analyze P{S,s(a2) > 0N Sys(a1) < 0}. By using the notation used in Lemmas 3, 5 and 6 define

S1 =8 —Swptrvi/a+
Var(Ss) + Var(Sy) ’

A=

H(oy) = fori=1,2.

Hence, by denoting with ®(-) the cumulative distribution function of a N(0, 1),

P{Syé(ag) > 0N Syé (041) < 0} = P (51 + 52 < H(O&Q) and 51 + 52 > H(al))
= PH(a1) <& + & < H(ar)) = 2(H(az)) — P(H(am))
— P{Sy(az) > 0} — (1— P{Sys(an) <0}) > 1 as &0

where the convergence to 1 follows from Lemmas 5 and 6. O
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